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Chapter 1

Introduction

1.1 The problem of coordinated control

The problems of control and coordination of actions which may be executed by multi-
robot systems (each one, in particular, equipped with anthropomorphic structured
grippers), and then capable of executing complex cooperative operations like as,
for instance, grasping, manipulation, coordinated transportation and assembly, may
result of an unmanageable complexity if not being tackled by a suitably structured
approach.

From this point of view, a well-structured approach to the problem should hold,
in particular, an organic treatment of three of its different main aspects, strictly
related with one another; that is: a) the functional and algorithmic architecture of
the whole control and coordination system; b) the Hardware/Software architecture
(possibly distributed), which supports the entire functional and algorithmic archi-
tecture; and c) the efficiency and quality of the design, the SW development, and the
operating system devices used in order to produce and make practical the real-time
management and the software control.

It is a matter of fact how, in the latest 10 years, the research aimed to these areas of
robotics have been endured to an evolution, jointly with the more recent theoretical
and technical developments in the field of robotic control; and this, in turn, jointly
with the constant evolution of the technology of computing and processing systems.
A complete panoramic description, together with a collection of works aimed to the
three aspects before mentioned, is up to now represented by the special issue of the
International Journal of Robotics Research magazine [54], where each one of the
three aspects is presented both from the conceptual and the implementative points
of view.

However, and quite obviously, even if in the subsequent years further developments
have been obtained, and a greater availability of products has been registered (in
particular, referring to Operating Systems and Sw development environments for
Robotics), the corresponding structured approach to the mentioned problems has
been almost unchanged.
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1.Introduction 2

Hence, in the context of the present Thesis, a deepening and an implementation
of the aforesaid structured approach to the coordinated control will be proposed, by
referring in particular to an integrated hand-arm system, which has been designed
and developed at the Robotics and Automation Lab of the University of Genoa
(GRAAL). In the following, an introduction and a control approach for the specific
problem of manipulation via multi-fingered robotic devices will be given, by paying
attention particularly to tendons-actuated systems; moreover, the overall hand-arm
architecture will be presented, and the corresponding control approach will be de-
vised, in the context of a functional and algorithmic multi-level (and multi-tasking)
architecture, which will be later described.

1.2 Multi-finger manipulation

Manipulating objects by means of multi-robot systems, or articulated robotic hands,
can be actually considered as one of the most representative and complete tasks,
among all those generally considered in robotics.

Indeed, the employment of insudtrial robots for performing actions wich are el-
ementary for man, like as grasping and moving small dimension objects, can be
extremely difficult. Standard manipulators hold a specific gripper for each kind of
manipulated object, and this, even if it can optimize performances, on the other
hand restricts the application fields.

Instead, an anthropomorphic robotic hand has some features, like as small dimen-
sions and reliability, which are fundamental requests for non-conventional applica-
tions: in fact, being equipped with fingers, it is able both to grasp and precisely
position a wide class of objects. The desire that multifinger manipulators can exe-
cute tasks, both in autonomous and teleoperated modality, left a lot of development
possibilities for researches in this field.

In most of the anthropomorphic manipulators, the actuators are not situated in
the proximity of the joints; the reason of this design choice is due to the fact that
robotic hands have a great number of degrees of freedom (dof) situated into a very
small space, and this fact prevents the assembling of the motors (actuators) near the
joints of the device. Hence, the employment of a flexible system for the transmission
of the actuating forces is almost necessary.

Most of the devised systems have fluid-actuators which, like as the for the human
hand muscles, are located near the joints, and they are remotely driven. Their
implementation on multilink manipulators has been limited by their dimension; force
transmission systems (like as, for instance, tapes, hollows, chains, ropes and belts)
are capable of remotely actuate manipulators, but they need high-volume energy
transformation systems.

In the case of multifingered robotic hands, a great number of joints is located, as
said before, in a very small space; it turns out to be evident that there is not enough
space for the actuators placing. So, the use of some kind of flexible and small sized
transmission system is necessary, as exactly can be the tendons.

DIST - Robotics and Automation Lab



1.Introduction 3

The tendons are mono-directional actuators intrinsically nonlinear; as a conse-
quence, every analysis made on tendon-driven systems has the property of being
more complex, if compared with common mechanisms using bi-directional actua-
tors. With these data, the transmission using tendons is often difficult and requires
pulleys and other routing transmission devices with low friction, in order to allow
the cables passing through the joints and rotating around their axes, and moreover
in order to allow possibly the insertion of other structures (for instance, position
and force sensors, etc.).

The tendon system design is often an art, because they must be realized in a way
such as they can suffer a high stress, have a long lifetime, and be resistant to long
use and elongation. Finally, the working space of tendon-driven devices must be
smaller than that commonly used for linear and rotational actuators.

Despite of those considerations, there are several advantages coming from the
utilization of tendons, and in some cases there are no alternative ways. As yet said,
most of actuators, like as dc motors, are relatively cumbersome; by de-locating these
actuators, hence, the kinematic and structural properties of the manipulators can
be improved.

It has been demonstrated that, when properly used, this kind of pre-tensioned
cables have a high stiffness, and this fact, jointly with their small masses, low friction,
and high geometric flexibility, makes them proper for several applications.

There exist several systems working with tendons, and most of them are similar
to the human hand. Mechanical hands, like the Utah-M.I.T. dextrous hand [22]
use antagonist pairs of tendons, that is, every joint is controlled by means of two
opposite acting tendons, which are independent from the other joints. Later on, it
has been introduced a control system such that every pair of tendons behaves like a
single bi-directional actuator, then simplifying the kinematics.

By using a manipulator equipped with “fingers” it is possible both grasping (stable
prehension problem) and orientating and precisely moving (manipulation problem)
a wide class of objects. Just for this reason, in the last years the robotics research
devoted very much attention to the study of the grasping problem, together with
the design and development of several robot hands all over the world, making use
of the most different mechanisms.

The human grasping study has been for a long time an interesting area for surgery,
for prostheses design, and for quantifying the degree of invalidities due to defections
and accidents. The results can be found in the medical literature about the prehen-
sion abilities of the human hand.

Most of the literature considers six different types of prehension, as defined by
Schlesinger (1919) and later reviewed by Taylor and Schwarz (1955): cylindrical,
fingertips contact, hook, palmar, spherical and lateral. This characterization induces
a natural association between each grasp and each shape of the object: so, for
instance, the sphere induces a spherical grasp, etc.

The experience shows that the grasps can be correctly and uniquely determined
from the specification of the object features (e.g., dimension, shape) and the at-
tributes of the grasp itself, like as dexterity, precision, sensibility, stability and ro-
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1.Introduction 4

bustness. But there are not fixed rules, and some factors regarding the geometric
description of the object and the attributes of the grasp become more clear during
the development of the system.

Manipulation is a complex task, typically comprising opening and closing of kine-
matic chains, nonholonomic constraints, redundancy and kinematic singularities.
In the context of rigid objects manipulation by multrobot systems, or articulated
robotic hands, variuos inter-related problems arise, like as, for example: the statics
and kinematics of grasping, including contact problematics like as rolling contact
[46], [24], [39]; grasp planning and allocation of the contact forces [24], [33], [3],
still including rolling contact situations [34], [35]; or even the so-called finger gaiting
(real-time reconfiguration of grasping) on the manipulated object [16], [21]; more-
over, the stability of grasping and related structural problems [34], [35], [41].

The first analysts (Hanafusa and Asada (1977)) made some assumptions, and most
of them are still used for multifinger manipulation study (and which will be used for
our control approach) like as:

• rigid body models with point-like contact between fingertip points and the
grasped object;

• no sliding or rolling of the fingertips on the object;

• assumption of the full knowledge of the object (shape, mass, friction, etc.) and
the contact points, neglecting in a first time the use of force sensors during
manipulation;

Obviously, the presence of tactile sensors would improve the cognitive possibilities
of the system, while introducing further problematics.

More recent studies, like as those of Cutkosky and Wright (1986); Nakamura,
Nagai and Yoshikawa (1987); Ji (1987); Li and Sastry (1988) have developed models
which include some useful simplifications:

• idealized models of friction, which ignore the effects of the sliding velocities
and of the properties of the material which constitute the robot (“skin”);

• simplified dynamics of the actuators an of the tendon sheats, often by ignoring
their elasticity (or by approximating it with springs of known elastic coefficient)
and their friction

• simplified representation of object shape

1.3 General organization of the present work

Here it can be given a first quick description of what will be exposed in the present
dissertation, neglecting in a first time the exposition details.

In Chapter 2, firstly the general theoretical approach to the control for multifinger
manipulation will be described, by delineating the recent theoretical developments
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1.Introduction 5

here obtained, and giving the basic tools for the devisement and implementation
of some simulated control schemes; the subsequent simulated results will be given
next, at the end of the Chapter.

In Chapter 3, the proposed functional structure for the global hand-arm control
system will be outlined, and the hardware structure of the available setup for the
subsequent experimental tests will be described.

Chapter 4 contains all the algorithmic developments relevant for the control of the
integrated hand-arm system, which will be devised and developed by following the
functional structure previously derived; in particular, a top-down approach will be
followed, starting from the most abstract control level, till arriving to the lowest level,
“nearest” to the physical actuating and sensing system. Finally, in Chapter 5, the
experimental results relevant to the DIST-Hand setup, and the simulation results
relevant to the integrated hand-arm system will be given; next, some conclusive
notes will follow, at the end of the Chapter.

DIST - Robotics and Automation Lab



Chapter 2

General control approach for
multifingered manipulation

2.1 Introduction

In the framework of dynamics and control of multifingered manipulation, all the
problematics mentioned in the previous Chapter should be taken into account, and
consequently treated, to the control purposes, within a unifying approach.

To this respect, early attempts aiming to establish such a unifying approach date
back to the well known work of Khatib [25] on operational space methods, then
followed by the works [29], [36], [10], whose results have been successively reorganized
within the book [37].

In particular, within [37], the problem of dynamically controlling a multifingered
object manipulation is approached by first devising, in the operational space (i.e. in
terms of a local parametrization of position and orientation of the object) a compos-
ite dynamic model strictly embedding both the object and fingers dynamics; then,
the object motion is in turn controlled via computed torque techniques applied to
the so devised overall composite system model. Naturally enough, a complimen-
tary grasp force control law is also devised for guaranteeing the contact between
the object and the finger tips, whithout affecting the overall system motion. More-
over, still in [37], an (off line) symbolic computation structure is also suggested for
automatically devising the required composite system dynamic model.

As a matter of fact, however, since the required composite models generally re-
sult to be very complex ones, a hierarchical way of structuring the overall control
systems is finally suggested for dealing with such complexities. More precisely, the
underlying idea simply consists in providing each one of the robot fingers with a local
(and consequently simpler) computed torque controller, compensating for the cor-
responding finger dynamics; thus leading to a much more simple and substantially
straightforward (off-line) evaluation of the resulting composite dynamic model (as
seen from a superior hierarchical level) and to a consequent very simplified structure
for the upper level overall computer torque controller.

6



2.General control approach for multifingered manipulation 7

Unfortunately enough, however, if the local controllers can only partially com-
pensate for the finger dynamics, the residual dynamic attributes must be however
transferred to the superior level; thus not totally reducing the effort needed for (off
line) evaluating the composite model and sucessively structuring the corresponding
overall system controller.

In the present control approach, given as in [8], the problem of structuring a
hierarchical controller for multifingered manipulation is instead approached in a
substantially different way (and, in some sense, reverse) with respect to the one
proposed in [37].

More precisely, within the here proposed approach, the motion tracking to be
performed by the manipulated object is first considered in terms of the definition
of a closed loop (kinematic only) upper level control law, accomplishing the task
of generating, at each time instant, the reference velocity (linear and angular) that
should be assigned to the fixed body frame, in case that the body itself could be
considered as a pure kinematic entity (i.e. no mass, no inertia).

Then, via simple rigid body transformations, such reference velocity for the body
frame is in turn real time translated into the corresponding set of reference linear ve-
locities at the body contact points; thus coinciding with the reference linear velocities
to be assigned to the corresponding fingertips (obviously assuming the persistency
of the contact conditions). Such fingertips reference velocities are in turn real-time
traslated into a related set of joint reference velocities for the robotic fingers, via the
use of any right inverse of the linear part of the Jacobian matrix of the overall set
of fingers.

Finally, such real time evaluated joint reference velocities are given as input to a
suitable, lower level, closed loop joint velocity controller, accomplishing the task of
guaranteeing their asymptotic tracking.

As it will be clarified in the paper, the lower level joint velocity control law will
keep into account for both the object and fingers dynsmics; but in a way such that
the various dynamics however remain separated, one from another; thus avoiding the
need for any off-line symbolic manipulation devoted to the evaluation of composite
models.

Naturally enough, to the aim of maintaining the contacts during motion, a com-
plimentary force control law is also provided, not affecting the motion controlled by
the above mentioned upper and lower levels control loops.

Hence, the present Chapter is organized as follows: in Section 2 the overall dy-
namic equations of the system will be derived, taking on the form of a set of DAE
(Differential-Algebraic Equations), thus maintaining the separation between fingers
and object dynamics. In Section 3, the proposed hierarchical control law for trajec-
tories tracking will be obtained, by using Lyapunov functions, and the convergence
toward zero of the errors will be demonstrated, together with the stability proper-
ties of control. Next, in Section 4 a simple complimentary force control law will be
devised, in order to maintain the grasping contact conditions, while not affecting
the overall system motion, based on some recent results regarding grasping forces
decomposition, which are given in [3]. Finally, in Section 5, some simulative results,
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2.General control approach for multifingered manipulation 8

preliminarly to the algorithmic developments which will be derived in the subsequent
Chapters.

The here presented developments actually represent an extension (to the case of
multirobot object manipulation) of similar results already presented in [1], [2], for
the case of robot free motions. Since based on the assumption of an exact knowledge
of the involved dynamic models, they represent the first necessary step to be done
before passing to investigate their robustness and stability properties, in case of the
presence of uncertainties (as it has been already done in [1], [2], for the free motion
cases).

2.2 Overall system equations

The system considered here consists in a tree-structured robotic system composed
by a number h of rigid end-effector tips, which all together handle a rigid body (see
fig. 2.1).

Figure 2.1: System overview (frame < a > is the goal, that has to be followed by
the object frame < b >).

The contact model considered is the ideal point contact with friction (see [45]);
in other words, it is assumed that the h contact points remain fixed on the object
surface (and, off course, that the h end-effector tips are point-like and they do not
slip during the manipulation task).

Within this system, first consider the subsystem represented by manipulated object
and its assigned fixed frame < b >, whose orientation and position with respect to
a given (inertial) base frame < 0 > are, at each time instant, respectively given by
the corresponding orthogonal matrix R and distance vector x (the latter projected

DIST - Robotics and Automation Lab



2.General control approach for multifingered manipulation 9

on < 0 >), generally grouped within the homogenous transformation matrix

T ,

[
R x
0 1

]
(2.1)

By letting v and ω be the projections (on frame < 0 >) of the linear and angular
velocities of < b > with respect to < 0 >, respectively, we can first of all recall the
kinematic equations of such a rigid body; i.e., the well known equations

ẋ = v (2.2)

Ṙ = [ω∧]R (2.3)

the second one representing the so-called “Strapdown Differential Equation”, which
relates the time derivative of R with vector ω via the skew-symmetric matrix [ω∧]
(i.e. the cross-product operator matrix).

Note that the differential representation (2.3) has been here preferred (instead
of any of the most commonly used 3-D parametrizations like, for instance, Euler
angles, etc.), in order to avoid any one of the existing representation singularities,
that could otherwise occur.

Also note that throughout the following, and with a little abuse of notation, we
shall always term the vector collection of the body velocities v, ω with the compact
symbol

q̇b , col(v, ω) (2.4)

where the notational abuse stands, obviously, from the well known fact that, gener-
ally speaking, the angular velocity ω is not the time derivative of any pre-existing
rotation vector (thus implying that the adopted notation (2.4) should be considered
as an intrinsic one, i.e., not related to any true time derivative operation).

As a second aspect of the object kinematics, it can be also reminded that, owing
to its rigidity and the assumed invariance of the h contact points on it, a direct
linear relationship actually exists between the velocities of such contact points and
the body velocities.

More precisely, by letting X , col(x1,x2, ...,xh) be the vector collection of the h
contact points on the body, each one projected on < 0 >, it is actually an easy task
to verify that

Ẋ = Jb(R)q̇b (2.5)

being Jb(R) the so-called Jacobian matrix of the body at the contact points, having
the form

Jb(R) =


I3 − [s1∧]
· · ·
· · ·

I3 − [sh∧]

 (2.6)

with submatrices [si∧] representing the (skew-symmetric) cross product operator
for the difference vectors si , (xi − x), i = 1, ..., h, and where the dependence on

DIST - Robotics and Automation Lab



2.General control approach for multifingered manipulation 10

R simply stands from the fact that each vector si results projected on the inertial
frame < 0 >.

In particular, we can make such dependence on R explicit, by simply expressing
each si in terms of its constant projection σi on the object frame < b > (that is,
si = Rσi, and consequently [si∧] = R [σi∧]RT ), thus obtaining

Jb(R) = R(h)GR(2)T (2.7)

being R(k) the k− th order block diagonal organization of matrix R, and G the now
constant Jacobian matrix of the body, projected on the body frame < b >, and built
on the basis of constant vectors σi, i = 1, ..., h, with a structure identical to that of
(2.6).

Passing now to consider the dynamic aspects of the manipulated rigid object, let us
first define F , col(f1, f2, ..., fh) as the vector collection of the h contact forces (each
one projected on < 0 >), acting on the object at the corresponding contact points.
Moreover, consider its relevant wrench reduction to the origin x of body frame < b >
(i.e., its equivalent representation in terms of the resultant force f applied to point
x, and resulting torque τ evaluated with respect to x, both projected on < 0 >),
given by the dual relationship

p , col[f , τ ] = JT
b (R)F (2.8)

(note that, by expressing the above quantities on frame < b >, we shall use the
matrix GT , which is the well-known Grasp Matrix for the grasp configuration σi, i =
1, ..., h [45]).

Then, by recalling the well known general form assumed by the body dynamic
equations, whenever written with respect to any given point x on it (i.e. not neces-
sarily coinciding with its mass center), projected on the inertial frame < 0 >, and
by keeping into account relationship (2.8), we can consequently write such dynamic
equations directly in the form

Ab(R)q̈b +Bb(R, q̇b)q̇b + Cb(R) = JT
b (R)F (2.9)

where matrix Ab(R) (positive definite) represents the so called generalized inertia
matrix of the body, evaluated at point x on it, and where vectors Bb(R, q̇b)q̇b and
Cb(R) keep into account the centrifugal-Coriolis and gravitational effects, respec-
tively (being such effects also evaluated at point x on the body.

At this point, also consider the subsystem represented by the robotic manipulating
structure. Then, by denoting with qr the vector of its joint coordinate, and letting
Y , col(y1,y2, ...,yh) be the vector collection of its h end effector tip points (each
one projected on < 0 >) we can primarily recall their general kinematic behaviour,
expressed by the relationship

Ẏ = Jr(qr)q̇r (2.10)

being Jr(qr) , col[J1(q1), J2(q2), ..., Jh(qh)] the column collection of the h linear
Jacobian matrices (one for each end-effector tip) of the robotic fingers.
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2.General control approach for multifingered manipulation 11

Moreover, by keeping into account the assumed contact constraint conditions be-
tween the body and the fingertips, i.e. the equality constraint

X = Y (2.11)

by differentiating it with respect to time (and keeping into account (2.5) and (2.10))
it follows that

Ẋ = Ẏ ⇐⇒ Jb(R)q̇b = Jr(qr)q̇r (2.12)

which makes explicit the linear constraint conditions existing between the body
velocities and the joint velocities of the robotic structure.

Finally, by also recalling that the set of the h counteracting contact forces−f1, ...,−fh
(each one acting on the corresponding end-effector tip) globally reflect on the ma-
nipulating structure as an equivalent set of additional joint torques η, expressed by
the dual relationship

η = −JT
r (qr)F (2.13)

we can consequently write down the dynamic equations of the manipulating structure
itself, directly in the form

Ar(qr)q̈r +Br(qr, q̇r)q̇r + Cr(qr) = m− JT
r (qr)F (2.14)

where matrix Ar(qr) (positive definite) represents the inertia matrix of the whole
multifinger structure, and where vectors Br(qr, q̇r)q̇r,Cr(qr) keep into account for
the corresponding centrifugal-Coriolis and gravitational effects, respectively. More-
over, vector m represents the set of external input joint torques, which can be applied
to the robotic structure for control purposes.

The set of equations (2.9) (body dynamics), (2.14) (robot dynamics) and also (2.3)
(for representing R, since not given by a pure integration process) completely defines
the dynamics of the entire, contact constrained, system.

Due to the presence of the algebraic constraints (2.11), such equations take the
form of a set of DAE (Differential-Algebraic Equations), which obviously maintain
their validity within the fulfilment of the so-called “static friction conditions” for
each one of the contacting forces fi, i = 1, ...h (i.e., each fi acting toward the body
and located inside the corresponding friction cone).

Throughout the sequel, we shall very often refer to the above set of the DAE’s (2.9),
(2.14) and (2.11) by using the following, more compact representation (arguments
avoided for ease of notations)

Aq̈ +Bq̇ + C = µ+ JT F

X = Y
(2.15)

where we have posed {
q̇ , col(q̇b, q̇r)
µ , col(0,m)

(2.16)
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2.General control approach for multifingered manipulation 12

and consequently 
A , blockdiag(Ab, Ar)
B , blockdiag(Bb, Br)
C , col(Cb, Cr)
JT = col(JT

b ,−JT
r )

(2.17)

Finally observe that, as a consequence of the above definitions, also the previ-
ously noted existing velocity constraint (2.12) (second form) can be more concisely
rewritten as

J q̇ = 0 (2.18)

thus showing that the set of admissible overall velocities q̇ always belong to the null
space of the above defined overall Jacobian matrix J .

2.3 Definition of the two-levels hierarchical trajectory
tracking control law

Within the considered overall system, first of all suppose the existence of at least
three distinct contact points among the h assumed ones (thus h ≥ 3) which are
distributed on the body surface as a consequence of the grasping process.

Then, consider the fixed body frame < b > and consequently note how, under the
above conditions, its actual position x and attitude R can always be algebraically
reconstructed via the knowledge (from the actual posture of the robotic structure)
of both contact points absolute positions x1, ...,xh and constant vectors σ1, ..., σh on
the body, with simple geometric considerations.

While keeping in mind the above considerations, let us now introduce a “goal
frame” < a >, characterized by a known absolute time evolution

Ta(t) ,

[
Ra(t) xa(t)

0 1

]
(2.19)

and, consequently, consider the problem of ensuring that the solidal object frame
< b > asymptotically follows the given frame < a > (Fig. 2.1).

Since xa, Ra in (2.19) are, at each time instant, known quantities, as well as x and
R in (2.1) (due to the above introduced assumption and related considerations), it
then primarily follows that a couple of directly measurable error vectors representing
the mismatch between frames < b > and < a > actually exist (to be possibly
considered for control purposes), which are respectively defined as

d , x− xa, position error (2.20)

ρ , rθ, rotation error (2.21)

with the second one (projected on frame < 0 >) representing the so called “eigenaxis
vector” of frame < b > with respect to < a >. This is the vector whose unit versor
r and relevant positive component θ ∈ [−π, π] respectively specify, at each time
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instant, the axis and the corresponding angle of rotation which are ideally needed
for transporting < b > to the actual attitude R(Ra)T , with respect to < a >, starting
from a condition where < b > itself is thought to be parallel to frame < a >.

As it is well known, rotation error vector ρ can always be evaluated via the use of
the following formulas (Versors Lemma)

[ia∧]ib + [ja∧]jb + [ka∧]kb = 2r sin θ;

(iTa ib) + (jTa jb) + (kT
a kb) = 1 + 2 cos θ

(2.22)

being (ia, ja,ka) and (ib, jb,kb) the columns of rotation matrices Ra and R, respec-
tively.

Since the considered tracking problem is equivalent to that of making both error
vectors d and ρ eventually approaching zero for increasing time, then, in order to
investigate about such possibility (if any), we may start by first considering the
following positive definite scalar quantity

V =
1
2

(dT d + ρTρ) ,
1
2
eT e =

1
2
‖e‖2 (2.23)

as a possible candidate Lyapunov function, measuring (one half of) the squared
norm of the body global error vector:

e , col(d, ρ) (2.24)

Then, by differentiating V with respect to time, while keeping into account that

ρ̇ = ṙθ + rθ̇ (2.25)

with
.
r obviously orthogonal to ρ, and with

.
θ given (after some algebra) by the

expression
θ̇ = rT (ω − ωa) (2.26)

being ωa the angular velocity of the target frame < a >, we directly get

V̇ = dT (ẋ− ẋa) + ρT (ω − ωa) = eT (q̇b − q̇a) (2.27)

where we have obviously posed

q̇a , col(ẋa, ωa) (2.28)

At this point, by assuming also the knowledge of the velocity reference vector
.
qa,

and provided that we could directly assign a body velocity vector
.
qbof the form

q̇b = q̇b , −Πe + q̇a; Π > 0 (2.29)

which would, in turn, require a joint velocity vector
.
qr of the form (consider the

constraint (2.12), for
.
qb=

.
qb, assume Jr full row rank, and then invert with respect

to
.
qr)

q̇r = q̇r , J#
r Jbq̇b = J#

r Jb(−Πe + q̇a) (2.30)
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being J#
r any right inverse of Jacobian matrix Jr (e.g., in this case, the Moore-

Penrose pseudoinverse); then, by substituting (2.29) into (2.27), it is readily seen
that we could consequently make

V̇ = −eT Πe ≤ −π ‖e‖2 < 0 (2.31)

being π the minimum eigenvalue of the positive definite gain matrix Π.
From (2.23), (2.31), the asymptotic convergence of the error vector e toward zero

would then follow directly, with a convergence rate no slower than exp(−πt).
In practice, however, since we cannot generally ensure the exact fulfilment of re-

quirement (2.30) for all the time instants (this is due, at least, to the overall system
dynamics), we are naturally led to consider

.
qr, as given by (2.30) (and consequently

.
qb, as given by (2.29)) as nothing more than appropriate reference signals that should
be tracked “at best” by the actual robot joint velocities; being however aware of the
fact that, generally, we shall have

q̇r = q̇r + δq̇r = J#
r Jb(−Πe + q̇a) + δq̇r (2.32)

which, in turn, will imply (substitute into constraint (2.12) while keeping (2.30) into
account, and then invert with respect to

.
qb)

q̇b = (−Πe + q̇a) + J+
b Jrδq̇r , q̇b + δq̇b (2.33)

with J+
b the (now unique) left inverse matrix of the body Jacobian Jb, and the error

term δ
.
qb obviously defined.

This will, in turn, lead to a time derivative
.
V taking on the perturbed form (no

more guaranteed to be unconditionally negative definite)

V̇ = −eT Πe + eTJ+
b Jrδq̇r ≤ −π ‖e‖

2 + (σr/σb) ‖e‖
∥∥δq̇r

∥∥ (2.34)

being σb the (constant) minimum singular value of matrix Jb, and σr the maximum
singular value of matrix Jr, this one evaluated among all possible postures.

As an additional comment to the above considerations, we can also observe that, by
substituting the above representations (2.32), (2.33) (it is sufficient to consider only
the first and second right hand sides, respectively), within the velocity constraints
(2.12), we get te conditions

Jbq̇b = Jrq̇r; Jbδq̇b = Jrδq̇b (2.35)

thus bringing into evidence that the same constraints (2.12) also holds separately for
both reference signals

.
qb,

.
qr and the corresponding tracking errors δ

.
qb, δ

.
qr.

As a consequence, by simply letting

q̇ , col(q̇b, q̇r); δq̇ , col(δq̇b, δq̇r) ⇒ q̇ = q̇ + δq̇ (2.36)

and recalling the definition (2.17), we can trivially rewrite the above additional
conditions (2.35) in the same concise form as in (2.18); that is

J q̇ = 0; Jδq̇ = 0 (2.37)
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thus showing that also
.
q and δ

.
q separately belong to the null space of the overall

Jacobian matrix J .
At this point, in order to face with the additional problem of tracking the joint

velocity reference signal
.
qr, let us now introduce the quadratic form

U =
1
2

(q̇− q̇)TA(q̇− q̇) =
1
2
δq̇

T
Aδq̇ (2.38)

which results in a positive definite candidate Lyapunov function of the sole vector
δ

.
qr, once we keep into account that, due to (2.35) and definition (2.17), we have

U =
1
2
δq̇

T
r [Ar + (J+

b Jr)TAb(J+
b Jr)]δq̇r , (2.39)

,
1
2
δq̇

T
r Σδq̇r

where, being Σ positive definite, it is U > 0.
The existing analytical advantages in choosing a candidate Lyapunov function of

the above form (written as in (2.38)) instead of a simpler one, will readily appear
in the following.

In fact, by differentiating (2.38) with respect to time along (2.15), after some
simple algebra we primarily get

U̇ = δq̇
T
A(q̈− q̈) + 1

2δq̇
T Ȧδq̇ =

= δq̇
T (µ−Aq̈−Bq̇− C + JT F) + 1

2δq̇
T Ȧδq̇ =

= δq̇
T (µ−Aq̈−Bq̇− C) + δq̇

T
JT F− δq̇T

Bδq̇ + 1
2δq̇

T Ȧδq̇

(2.40)

Then, by exploiting the well known property of matrices B,
.
A (i.e. zTBz =

1/2(zT
.
A z)) and also noting that the second term in the right hand side of (2.40)

is actually zero (due to the second of (2.37)) we can consequently simplify (2.40) as
follows

U̇ = δq̇
T (µ−Aq̈−Bq̇− C) (2.41)

thus yelding (by making explicit the dependence on δ
.
qr while recalling definitions

(2.17).

U̇ = δq̇
T
r [m− (Arq̈r +Brq̇r + Cr)− (J+

b Jr)T (Abq̈b +Bbq̇b + Cb)] (2.42)

At this point, by assuming also the knowledge of the body acceleration reference
vector

..
qa(which, as it can be shown, allows the on-line evaluation of vector signals

..
qb,

..
qr) from (2.42) we can readily see that, with the adoption of a joint torque control

signal having the form

m = −Λδq̇r + (Arq̈r +Brq̇r + Cr) + (J+
b Jr)T (Abq̈b +Bbq̇b + Cb) (2.43)

with Λ > 0, and where all the appearing quantities are actually measurable ones
(in particular refer to (2.33) for

.
qb appearing inside Bb); so, we can actually make

U̇ = −δq̇T
r Λδq̇r < 0 (2.44)
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which guarantees the asymptotic convergence of δ
.
qr(and, then, of δ

.
qb due to (2.33)

or, equivalently, to the second of (2.35) solved for δ
.
qb) toward zero.

As it concerns the convergence rate, it is instead sufficient to observe that, by
factorizing the positive definite matrix Σ in terms of its square root matrix H; that
is

Σ = HTH (2.45)

and introducing the auxiliary vector

z , Hδq̇r ⇔ δq̇r = H−1z (2.46)

we can actually rewrite (2.39) as

U =
1
2
‖z‖2 (2.47)

and consequently (2.44) as

U̇ = −zT (H−T ΛH−1)z ≤ −(λ/σ) ‖z‖2 (2.48)

being λ, σ the minimum and maximum eigenvalue (the latter evaluated among all
possible postures) of positive definite matrices Λ and Σ, respectively. Then, since
(2.47), (2.48) together imply that auxiliary vector z converges to zero with a rate
no slower than exp[−(λ/σ)t], we can immediately conclude that the same also holds
for δ

.
qr, due to the fact that (from the second of (2.46))∥∥δq̇r

∥∥ ≤ (1/σ)1/2 ‖z‖ (2.49)

being σ the minimum eigenvalue of the matrix Σ among all possible postures. Nat-
urally enough, the same behaviour also extends to δ

.
qb, as a consequence of the

existing condition (see (2.33), or equivalently the second of (2.35) solved for δ
.
qb,

and keep into account the upper bound adopted in (2.34))∥∥δq̇b

∥∥ ≤ (σr/σb)
∥∥δq̇r

∥∥ (2.50)

Finally, the ensured exponential convergence of δ
.
qr toward zero, also guarantees

the asymptotic convergence to zero of the tracking error e (as just established by
(2.34), whenever considered with an exponentially zeroing term δ

.
qr).

A first comment which can be made to the developed position control law is that
we deal with a 2-level control scheme: in fact, we have a first “Medium Level” loop
(MLC), which calculates the joint velocity reference

.
qr, to be imposed in order to

follow the reference position and orientation of the object (law (2.30)); and, in turn,
by law (2.43) we see that we have a “Low Level” control loop (LLC), closed on the
joint velocity error δ

.
qr, in order to ensure that the joint velocity goes asymptotically

to follow the reference
.
qr.
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As an additional comment to the previous developments, it is last worth noting
how the proposed control law (2.43) can actually be considered as a special case of
the following more general form

m = −Λδq̇r + (Arq̈r +Brq̇r + Cr) + (J+
b Jr)T (Abq̈b +Bbq̇b + Cb) + JT

r Φ

Φ ∈ Ker(JT
b )

(2.51)
where the presence of the additional term JT

r Φ (with Φ above specified) cannot in
any case influence the evolution of δq̇r (and, consequently, of δq̇b), as imposed by
the control law already mentioned.

In fact, by simply substituting (2.51) into (2.42), instead of (2.43), it is straight-
forward verifying that, with respect to (2.44), the corresponding expression for

.
U

simply modifies itself with the addition of the, however null, term

δq̇
T
r J

T
r Φ =δq̇T

b J
T
b Φ = 0 (2.52)

where the equalities directly follow from kinematic constraints (2.35), and the as-
sumed choice for Φ in (2.51).

As it will be better clarified in the next section, the presence of the additional term
JT

r Φ, with Φ ∈ Ker(JT
b ), will actually play an important role within the definition

of an “ideal” complimentary force control law for contact constraints maintenance,
in presence of dry friction.

Computation
of Reference
Accelerations

Versors
Lemma

From the
Lower Level

From the
Lower Level

To the
Lower Level

To the
Lower Level

Figure 2.2: Upper level of the control scheme.

In fig. (2.2) and (2.3), for better clarity for the reader, the upper and lower level
control schemes developed in this Section are shown.
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Hand + Object
System

From the
Upper Level

To the
Upper Level

Figure 2.3: Lower level controller (Computed-Torque).

2.3.1 Acceleration reference vectors computation

In this paragraph the calculation of the acceleration reference vectors, given by
the quantities q̈b, q̈r which appear in the control law (2.51) (and depicted in fig.
2.2) will be developed. As it will be clarified by the following developments, their
computation requires a little effort, and will be here described only for completeness
of the theory so far devised; neverhteless, for simulation purposes it will be useful
having these quantities, in order to completely show the effectiveness of the here
proposed two-levels control.

Evaluation of q̈b

First of all, consider the definition (2.29), here re-written for clarity of explaining:

q̇b , −Πe + q̇a; Π > 0 (2.53)

By deriving this relationship with respect to time, we have immediately

q̈b = −Πė + q̈a (2.54)

hence, it becomes evident the presence of 2 terms, given respectively by:

• A term containing the time derivative of the global position/orientation er-
ror e ,col(d, ρ), obviously evaluated with respect to the base frame < 0 >,
whose analytic calculation will require some attention, and will be hereinafter
developed;

• An acceleration term, relative to the reference trajectory q̈a , col(v̇a, ω̇a);
this term is supposed to be known a priori, at every time instant, and given
together with the position and velocity terms of the goal frame < a >;
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At this point, in order to compute the vector ė, we have

ė =
[

ḋ
ρ̇

]
=
[

ẋ− ẋa

ρ̇

]
(2.55)

being d and ρ as defined at the beginning of the Chapter; now, while the computation
of ẋ (linear velocity of the body < b >) and ẋa (linear velocity of the reference < a >,
known a priori) does not present difficulties, the calculation of the vector ρ̇, i.e. the
time derivative of the rotation error between the two frames < a > and < b >,
requires some computational effort, as it will become readily clear.

It is firstly necessary to specify that the computation algorithm for the rotation
vector ρ, based upon the Versors Lemma (2.22), gives as output the 2 quantities

u ≡ ρ

‖ρ‖
; θ ≡ ‖ρ‖ (2.56)

which are the versor of the rotation axis and the (positive) angle, only in case that
the angle itself be a significant quantity, that is, when ‖ρ‖ ≥ ε, being ε a (sufficiently
small) positive threshold. If this is not true, being impossible to calculate accurately
the versor u, the approximation

ρ ' ρ̃ , u sin θ (2.57)

can be adopted, where the last quantity comes directly form the first of the Versors
Lemma (see again (2.22)), and it is however well-defined (like the vector ρ) for every
value of θ.

In order to distinguish between the two cases, the condition to be verified before
any subsequent calculation (both for ρ and its derivative ρ̇) is then the following:
the vector u sin θ is evaluated via the first Versors Lemma, whose norm is |sin θ|,
and then the comparison

|sin θ| ≥ ε (2.58)

is done, as a starting point for distinguish between the 2 ways (being the former
exact, and the latter approximated but valid for θ → 0) for the calculation of ρ and
its time derivative ρ̇. In what follows, there will not be given the details for the yet
mentioned algorithm for the computation of ρ, using directly its results, while the
computation of the derivative ρ̇ will be explained.

Consider now the deivative computation in the first case, which is generally valid
starting from the knowledge of the axis-angle pair u, θ, and of the angular velocities
ωb/0, ωa/0, indicated in the following by ω and ω∗, respectively. Moreover, when not
explicitely said, all the considered vectors and the time derivative operations will be
referred to the base frame < 0 >.

Hence, given the vector ρ ≡ uθ, we have

ρ̇ = u̇θ + uθ̇ (2.59)

and, then, we can separately consider the computation of the two terms in (2.59).
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Starting with the vector u̇, some preliminary observations can be made; in par-
ticular, because u is the versor of the rotation axis between < b > and < a >,
obviously results

bu ≡ au , ∗u (2.60)

where, from now on, ∗u is the projection of u on anyone of the two frames. But, as
output of the Versors Lemma algorithm we have 0u, and then it must be calculated,
for instance,

∗u =0
bR

T 0u (2.61)

Being now available the vector ∗u, it can be noted the fact that, as a consequence
of (2.60), the relationship

b
aR

∗u = ∗u (2.62)

holds; then, by deriving with respect to time

Ṙ ∗u +R ∗u̇ = ∗u̇ (2.63)

where R denotes the matrix b
aR = (0bR

T )0aR, which then can be evaluated starting
from the known quantities 0

bR,
0
aR. Now, it is important to note that the time

derivative vector ∗u̇ is the derivative of u with respect to < b > (or < a >) frame,
that is ∗u̇ ≡ d∗

dt u, being, as before, < ∗ >≡< b > or < a >, and then

u̇ ,
d0

dt
u = ∗u̇ + [ω∧]u (2.64)

From the Strapdown Equation we have

Ṙ = [bωa/b∧]R (2.65)

being ωa/b the angular velocity between the two frames, obtainable by ωa/b = ω∗−ω,
being also known the 2 angular velocities as defined before; because it is necessary to
have the expression of this vector on the < b > frame, it will be bωa/b = 0

bR
T (ω∗−ω);

moreover, by considering the (2.62) we become to

[0bR
T (ω∗ − ω)∧] ∗u =(I3 −R) ∗u̇ (2.66)

which turns out to be a linear algebraic system with ∗u̇ as the unknown variable;
nevertheless, the coefficients matrix (I3 −R) cannot be inverted; indeed, more pre-
cisely, it is

rank(I3 −R) = 2, ∀R 6= I3 (2.67)

In order to justify this assertion, it can just be observed the well-known fact that
the orthogonal matrices have always one unitary eigenvalue (except for the trivial

DIST - Robotics and Automation Lab



2.General control approach for multifingered manipulation 21

case of R = I3), and then the null space of the matrix (I3−R) have dimension given
by

dim ker(I3 −R) = 1 (2.68)

at this point, it can be observed that also the following condition holds, for every
versor (or every constant norm vector):

∗u̇ ⊥ ∗u⇔ ∗uT ∗u̇ = 0 (2.69)

and this, together with the (2.66), gives the following algebraic system

A ∗u̇ = b (2.70)

being:

A ,

[
I3 −R
∗uT

]
; b ,

[
[0bR

T (ω∗ − ω)∧] ∗u
0

]
(2.71)

where A ∈ <4×3, b ∈ <4×1; but the matrix A is full-column rank (rank(A) = 3)
because, being ∗u ∈ ker(I3 − R), it will be ∗uT ⊥ span((I3 − R)T ), and then
rank(AT ) = 2 + 1 = 3 = rank(A).

This fact allows us to compute the solution of eq. (2.70), certainly uniquely exist-
ing, by using the pseudoinverse of matrix A:

∗u̇ = A+b (2.72)

being A+ , (ATA)−1AT .
Regarding the second term in (2.59), that is, uθ̇, here it can be noted the result

(yet seen before) that
θ̇ = uT (ω − ω∗) (2.73)

and, finally, we get the following formula for the computation of the vector ρ̇:

ρ̇ = (∗u̇ + [ω∧]u)θ + uuT (ω − ω∗) (2.74)

where the vector ∗u̇ is calculated by using (2.72).
The expression (2.74) is valid, as yet observed, under the assumption of being the

angle-axis pair (u,θ) available, and this is equivalent to the fulfilment of the condition
(2.58); if, instead, that condition is not satisfied, we must proceed to approximate
the rotation vector ρ with the expression (2.57), and then the following derivative
will be calculated

˙̃ρ =
d

dt
(u sin θ) (2.75)

The resultant expression, which here is given without proof (the details can be found
in the literature), is the following:

d

dt
ρ̃ =

1
2

(αI3 −RR∗T )(ω − ω∗) +
1
2

(R∗RT −RR∗T )ω∗ (2.76)
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being here R , 0
bR; R∗ , 0

aR, and having defined α , (1 + 2 cos θ); the latter scalar
quantity can be obtained from the second Versors Lemma equation (2.22)

α =
3∑

i=1

vT
i v∗i = iT i∗ + jT j∗ + kT k∗ (2.77)

Summarizing what has up to now explained, starting from the condition (2.58),
the computation of the vector ρ̇ can be done by using one of the 2 formulas (2.74),
(2.76) and, as a consequence, the desired acceleration reference vector q̈b can be
obtained as

q̈b = −Π
[

ẋ− ẋa

ρ̇

]
+ q̈a (2.78)

Evaluation of q̈r

Now the computation of the reference acceleration vector q̈r, for which the results
obtained before for q̈b, will be performed. From (2.30) we have

q̇r , J#
r Jbq̇b (2.79)

and, as a consequence,

q̈r = (
d

dt
J#

r )Jbq̇b + J#
r J̇bq̇b + J#

r Jbq̈b (2.80)

Hence, it will be necessary to consider separately the calculation of the 3 distinct
terms in (2.80), and the first of them, in particular, needs some computational effort,
but it can be obtained with some straightforward considerations.

Starting from the Jacobian matrix expression, given in (2.10), it can be obviously
noted that

J#
r = blockdiag[J#

1 (q1), J#
2 (q2), ..., J#

h (qh)] (2.81)

and, then, we must deal with single separated blocks, anyone of them of dimension
(ni × 3) (being ni the dof of the respective i − th finger, ni ≥ 3, i = 1, 2, ..., h). In
what follows, the assumption that the matrices Ji(qi) are always full-rank will be
done, and then their pseudoinverses can be calculated. Hence, by indicating with J
one of these matrices, it will be

J̇ # =
d

dt
[JT (JJT )−1] = J̇ T (JJT )−1 + JT d

dt
[(JJT )−1] (2.82)

Since for a generic, square and invertible matrix A the following relationship holds

d

dt
(A−1) = −A−1ȦA−1 (2.83)
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we can apply equation (2.83) to (2.82), thus obtaining

J̇ # = J̇ T (JJT )−1 − JT (JJT )−1(J̇JT + J J̇ T )(JJT )−1 = (2.84)

= [J̇ T − JT (JJT )−1(J̇JT + J J̇ T )](JJT )−1

which, in turns, requires the possibility of evaluating the temporal derivative J̇ of
the Jacobian matrix.

Let now J (k)(qk) be the linear Jacobian matrix of finger k; (k = 1, .., h)

J̇ (k)(qk) =

 J̇ (k)
1,1 J̇ (k)

1,2 ... J̇ (k)
1,nk

J̇ (k)
2,1 J̇ (k)

2,2 ... ...

J̇ (k)
3,1 ... ... J̇ (k)

3,nk

 (2.85)

where nk = is the number of dof of finger k; then, we have

J̇ (k)
i,j =

[
∂

∂qk,1
J

(k)
i,j , ...,

∂

∂qk,nk

J
(k)
i,j

] q̇k,1

...
q̇k,nk

 =
(

∂

∂qk
J

(k)
i,j

)
q̇k (2.86)

i = 1, .., 3; j = 1, .., nk. That means, the temporal derivative of the matrix J (k) is,
in general, a matrix of the same dimension (3× nk), which is a function of both the
joint position vector qk and its derivative q̇k; therefore

J̇ (k) = J̇ (k)(qk, q̇k) (2.87)

The availability of an analytic representation for the matrix J (k)(qk) may allow
a symbolic computation of the many terms inside (2.86), which contribute to make
up the expression (2.85) of J̇ (k); currently, there exist symbolic computing packages
which allow to obtain this expression in a simple way, with optimized computational
times.

Concerning the second term in (2.80), i.e. J#
r J̇bq̇b, we must compute the expression

of J̇b, which is the temporal derivative of the rigid body Jacobian matrix.
From the expression of Jb, given by (2.6), we immediately have

J̇b =
d

dt


I3 − [Rσ1∧]

· · ·
· · ·

I3 − [Rσh∧]

 =


03 − [([ω∧]R)σ1∧]

· · ·
· · ·

03 − [([ω∧]R)σh∧]

 (2.88)

being, as already mentioned in the previous paragraph, R , 0
bR, ω , 0ωb/0; in

order to obtain (2.88) we made use of the Strapdown Equation, as already done
several times; we notice that the structure of J̇b allows obvious simplifications while
computing the term J#

r J̇bq̇b.
Finally, the third term in (2.80), that is J#

r Jbq̈b, does not require further com-
ments, since the expression of q̈b has already been obtained in the previous Section.
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2.4 Definition of the control law for contact forces

In the previous Section we developed an “ideal” control law in order to follow tra-
jectories, under the assumption of keeping the contact constraints satisfied during
the whole manipulation task.

It is quite obvious that, since this requires to keep the set of contact forces
F , col(f1, f2, ..., fh) all directed towards the body, and at the same time internal to
the respective static friction cone, it immediately arises the need of having a com-
plimentary force control law, such as to maintain the above mentioned conditioned
during the system motion.

In order to derive this additional control law, a preliminary discussion is needed,
concerning the structure that the contact forces F will assume, under the assumption
of validity of the constraints, and under the action of joint torques m of the form
(2.51).

To this aim, we begin first of all by considering the general expression characteriz-
ing F, under non-structured input actions on the joints m. Such expression can be
easily obtained from the general dynamic model (DAE) given by (2.15), by taking
the second time derivative of the algebraic contact conditions (in order to do this,
one can simply take the first derivative of the compact form (2.18)), thus obtaining
the condition

J q̈ + J̇ q̇ = 0 (2.89)

Afterwards, by substituting the expression for q̈ from the first equation in (2.15),
and finally solving with respect to F, we obtain

F = −(JA−1JT )−1[JA−1(µ−Bq̇− C) + J̇ q̇] = −(JA−1JT )−1[−JrA
−1
r m+

+JrA
−1
r (Brq̇r + Cr)− JbA

−1
b (Bbq̇b + Cb) + J̇ q̇]

(2.90)
Then, by structuring m as in (2.51), we get to the following expression

F = −(JA−1JT )−1[−Jrq̈r − JrA
−1
r (Brq̇r + Cr)+

−(JrA
−1
r JT

r )(J+
b )T (Abq̈b +Bbq̇b + Cb) + JrA

−1
r (Brq̇r + Cr)+

−JbA
−1
b (Bbq̇b + Cb) + J̇ q̇ + JrA

−1
r Λδq̇r − (JrA

−1
r JT

r )Φ]
(2.91)

that can be rewritten as

F = −(JA−1JT )−1[(−Jrq̈r + J̇ q̇) + JrA
−1
r (Λ +Br)δq̇r − (JrA

−1
r JT

r )Φ+
−(JrA

−1
r JT

r )(J+
b )T (Abq̈b +Bbq̇b + Cb)− (JbA

−1
b JT

b )(J+
b )T (Bbq̇b + Cb)]

(2.92)

where we simply summed the second and fourth term in (2.91), and the last term
in (2.92) has been obtained from the fifth term in (2.91), by using the well-known
identity J+

b Jb = I.
Actually, we can further develop the first term in (2.92), by rewriting it as

−Jrq̈r + J̇ q̇ = (−Jrq̈r + J̇ q̇) + J̇ δq̇ =
= −Jbq̈b + J̇ δq̇ = −(JbA

−1
b JT

b )(J+
b )TAbq̈b + J̇ δq̇

(2.93)
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where the second right-hand side of the equation directly follows from the temporal
derivative of the first condition of (2.37) (or, equivalently, the first of (2.35)), while
the last is again a trivial consequence of the identity J+

b Jb = I.
Therefore, by substituting (2.93) in (2.92), keeping into account the definition

(2.33), and moreover considering the following equalities

(JA−1JT ) = (JbA
−1
b JT

b ) + (JrA
−1
r JT

r );
(JrA

−1
r JT

r )Φ = [(JbA
−1
b JT

b ) + (JrA
−1
r JT

r )]Φ = (JA−1JT )Φ
(2.94)

where the second directly follows from Φ ∈ Ker(JT
b ) in (2.51), we finally get to the

expression
F = (J+

b )T (Abq̈b +Bbq̇b + Cb)− (JA−1JT )[JrA
−1
r (Λ +Br)δq̇r+

+JbA
−1
b (Λ +Bb)δq̇b + J̇ δq̇] + Φ;

F ,F + δF + Φ

(2.95)

From the last expression, we can note how the set of contact forces F can be
interpreted as composed of 3 main terms:

• A first term F, clearly coincident with the minimum-norm forces required in
order to give to the body the reference velocity q̇b (consider the body dynamics
(2.9) for q̇b = q̇b an solve with respect to F with minimum norm), in turn
converging towards the desired velocity q̇a (consider (2.33) and recall that
both errors, of position and velocity, converge to zero);

• A second term δF, converging to zero with the velocity errors, arising from
the initial (transient) difference between q̇b ande q̇b;

• Finally, a third term Φ, consisting only of internal, arbitrary forces (i.e. be-
longing to the space Ker(JT

b )), which are applied to the body because of the
above mentioned presence of the arbitrary term JT

r Φ in the control law (2.51).

Now we notice how any set of contact forces F applied to the body, can also
be expressed (in a unique way) as the sum of two orthogonal terms, one related
to the pure motion forces Fm ∈ Span(Jb), and the other to the internal forces
Fo ∈ Ker(JT

b ), respectively; therefore, of the form

F = Fm + Fo = PbF + (I − Pb)F (2.96)

where Pb is the orthogonal projection matrix onto the set Span(Jb), given by

Pb , Jb(JT
b Jb)−1JT

b (2.97)

It immediately follows that, by applying the above decomposition to our case (2.95),
we obtain the specification

F = Fm + Fo = (F + PbδF) + [(I − Pb)δF + Φ] (2.98)
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which clearly shows how, in general, only the term δF splits into the two above men-
tioned components, while the terms F,Φ already belong to the respective subspaces,
of pure motion and internal forces.

In (2.98), we can further note how the firs term also represents the minimum-norm
forces required in order to assign the current velocity q̇b to the body (consider the
body dynamics (2.9), and solve it w.r.t. F with minimum norm, and recall that
such solution necessarily belongs to Span(Jb), and therefore coincides with the first
term in (2.98)).

Still from (2.98), we finally note that the requirement of having each vector com-
ponent fi; i = 1, ..., h of F confined within the respective friction cone, should be
therefore solved by only acting on the component Fo, and not on Fm, by suitably
modulating the arbitrary vector Φ (which influences motion), since all of the remain-
ing terms have already been imposed by the system motion, which is independently
forced by the application of the structured control law (2.51).

In order to be able to define a complimentary control law for satisfying the contact
constraints, in the following we will make large use of a suitable parametrization for
the internal forces set Fo exerted on the body, that has been recently introduced in
[3]. Such parametrization in fact corresponds to what hereafter explained.

Let ni; i = 1, ..., h be the unitary normals to the body, at the contact points,
directed inwards, each one projected on the body frame < b > (therefore constant in
time). Moreover, we define the so-called normal matrix N , blockdiag(n1, ...,nh) ∈
<3h×h, also constant in time, and denote with α , [α1, ..., αh]T a vector of dimension
h of suitable scalar parameters. Afterwards, we denote with Ψo the projection on
the body of the set Fo of internal forces applied to the body (projected onto the
base frame < 0 >).

Therefore we can show that, under mild assumptions (that is, h ≥ 3), the set Fo

always has a parametrization of the form

Fo = R(h)Ψo = R(h)[(N +D)α+ Sλ] (2.99)

where R(h) is the h − th block-diagonal organization using the rotation matrix R
(here used only for transferring the projection from the body frame < b > to the
base frame < 0 >), while (N + D) ∈ <3h×h, S ∈ <3h×(2h−6) are constant matrices
with full rank, only dependent on the normal matrix N , and the object Jacobian
matrix G projected on the < b > frame, both constant. In particular, for a given
configuration of body contact points, the matrices D and, obviously, N , are unique,
while S may be modified only as a consequence of a base change in the vector space
of parameters λ, with dimension (2h− 6).

Concerning the constant structural matrices (N +D) and S, it can also be shown
that, apart from “covering” the full space of internal body forces, they also decom-
pose such space into two orthogonal subspaces. Moreover, both components of the
force vector separately due to Dα and Sλ are tangent to the body surface, at the
respective contact points. Therefore, only the force vector due to Nα has a non-
zero component along the normals ni to the contact points (such components are
obviously represented, globally, by the vector α itself).
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By considering the parametrization (2.99), we must also assume to have prelim-
inarly (i.e. by means of off-line computations) determined at least one pair of
finite-norm vectors [αT ,λT ]T (supposed to exist), such as to satisfy the following
conditions:

µαi ≥ |Diα+ Siλ| , i = 1, 2, ..., h (2.100)

where 0 < µ < 1 is the static friction coefficient, related to the contact (assumed
to be the same for all contacts), while Di, Si are matrices obtained from D and S
respectively, by slicing them into blocks, each one consisting of 3 consecutive lines.
As it can be easily understood, satisfying (2.100) simply corresponds to having off-
line established the structure of a particular set of internal forces (body projected),
which takes the form

Ψo = [(N +D)α+ Sλ] (2.101)

and it is such that the corresponding non-zero force components Ψi; i = 1, 2, ..., h
are all contained within the respective friction cone.

It is a matter of fact how a finite-norm parameter vector [αT ,λT ]T satisfying (2.100)
can always be computed by means of simple linear programming techniques; more-
over, in general there exist solutions characterized by λ= 0, which may be preferred
because of their computational simplicity.

Apart from the particular set of internal forces above defined Ψo, projected onto
the body frame, consider now the following related parameter, strictly positive

β , min
i
{β

i
; i = 1, 2, ..., h} > 0 (2.102)

where β
i

represents the distance of each force component Ψi; i = 1, 2, ..., h of Ψo,
from the surface of the respective friction cone.

Finally, based upon (2.101), (2.102), we define the following set of reference vectors
for the internal forces, projected on the body:

Ψo ,
1
β

Ψo (2.103)

which results to be a set of forces characterized by a unitary minimum distance from
the surfaces of the friction cones.

As a consequence of all of the above given considerations, we are now able to
formulate a very simple control law, and structurally invariant, although slightly
conservative, in order to maintain the contact conditions during the system motion.
As a matter of fact, due to its intrinsic simplicity, such a control law could be pre-
ferred for real-time applications, if compared with many others of more sophisticated
nature, that can be developed for the same task.

In order to obtain such control law, first of all we restrict our attention to the sets
of internal forces Fo, projected on the base < 0 >, which are strictly aligned with
the reference ones above defined R(h)Ψo (also projected on the base frame).

Moreover, we consider the decomposition (2.98) (first right-hand side) and, after
defining

g(Fm) , max
i
{|fm,i| ; i = 1, 2, ..., h} (2.104)

DIST - Robotics and Automation Lab



2.General control approach for multifingered manipulation 28

we simply note that a sufficient condition, in order to keep each vector component
fi; i = 1, ..., h of F confined in the respective friction cone, is to have the internal
part Fo in the worst case of the form

Fo = γg(Fm)R(h)Ψo; γ > 1 (2.105)

thus getting to the following expression for the additional term of internal force Φ
in (2.51) (see also the expressions of Fm e Fo in (2.98), second r.h.s.)

Φ = γg(F + PbδF)R(h)Ψo − (I − Pb)δF; γ > 1 (2.106)

which therefore represents the desired, complimentary control law for maintaining
the contact constraints during motion.

As it can be observed, such a control low operates in real-time, first of all by
compensating for the presence of the (transient) internal forces term imposed by
(I − Pb)δF, while simultaneously, and suitably, varying the resulting internal forces
set Fo along the projection of Ψo on the base frame, in order to keep the validity
of the sufficient condition (2.105) during time. This is obtained on the basis of
our knowledge of the terms F, δF, which in turn are functions of known quantities,
measurable from the posture and motion (as established by their expression given
by the first two terms in (2.95)).

By concluding, we also note how the complimentary control law (2.106) is in fact
of open-loop type, with respect to its controlled output Fo.

This fact is actually coherent with our assumption, of the existence of pure rigid
contact between the body and the fingertips of the manipulating structure (that
is, an infinitely fast and stable dynamics of reaction forces), which induced a DAE
modeling for the whole structure, and consequently established an algebraic rela-
tionship between output contact forces F and input torques m, plus the motion
signals (see again the general relationship (2.90)). And this fact, together with the
assumed exact knowledge of the system model, necessarily leads to purely algebraic
control laws of the contact forces, i.e. open-loop.

We note, however, that in case of available tactile sensors on the fingertips, able
to measure F, we can use a closed-loop control law, of the form

Φ̇ = K[γg(Fm)R(h)Ψo − Fo];K > 0 (2.107)

where Fm and Fo are evaluated in real time, from measurements of F, by applying
(2.96) and (2.97). As it can be easily understood, applying (2.107) simply corre-
sponds to control the output Fo (as given by the second term of (2.98)), by means
of an integral control action, dealing with the term (I −Pb)δF as a transient distur-
bance.

It is clear, however, that further investigations are required, in order to be able to
assess the efficiency of the control law (2.107).
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2.5 Simulation results of the manipulation system

In order to show the efficiency and feasibility of the multi-finger manipulation sys-
tem, depicted in Fig. 2.2, 2.3, we will provide now some results obtained through
simulations of the complete dynamical model of the hand-object system above men-
tioned. The fundamental points upon which we based such tests, are the following
ones:

• The possibiliy of working in a numerical computing and dynamical simula-
tion environment given by the well-known MATLAB-Simulink system, used in
order to build all of our control schemes and, as we will show in the follow-
ing, implement on the available experimental setup all of the previously tested
control algorithms;

• The availability of a modeling and development system for robotic structures
consisting of linear or multi-branch kinematic chains, such as the RDS soft-
ware (Robotics Developer Studio), developed and implemented at the DIST-
Robotics Lab of the University of Genoa, in order to allow a fast and efficient
implementation of MATLAB-Simulink functions; through the RDS software
it is possible to obtain, starting from a complete description of the structure
given through a graphical interface, all of the main algebraic expressions of
an arbitrary robotic structure, such as transformation matrices, Jacobian ma-
trices and direct dynamics expressions; such functions are finally converted in
executable files under Simulink, i.e. S-Functions, and then directly inserted in
the control scheme;

• A suitable modeling of kinematic constraints of contact between fingers and
object, such as the one hereafter described;

• A suitable graphical interface, allowing the direct visualization of the system
state, with a 3D rendering of the virtual scene.

Having all of the required tools needed for creating a simulation of the system
dynamics at disposal, we need now to clear the main issue of the contact constraint
modeling fingertips-object, which has been put into evidence at the beginning of the
Chapter, and given by eqs. (2.11) and (2.12), and finally associated to the global
system equations (2.15).

2.5.1 Modeling the contact forces

In the subsequent developments, it will be clear how the simulation scheme imple-
ments the contact constraint, in principle purely algebraic, not by solving a DAE
equation system, but by modeling it in a differential way, based on a point-like con-
tact almost rigid, obtained by introducing a spring-damper system in 3D, virtually
inserted at the respective contact points of each finger to the object.
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Figure 2.4: Schematics of the contact model between fingertip and object.

In order to simulate the point-like contact constraint, therefore, refer to Fig. 2.4,
that shows a generic contact between the end-effector of a robot (in our case, a
fingertip) and the object.

We the introduce of a set of cartesian frames, given by

• The inertial frame < 0 >, at the base of the system;

• The rigid body frame < b >, with origin located (for example) in the mass
center, denoted by Ob;

• A frame solidal with the fingertip, < pf >, with origin located on the contact
point, Pf ;

• The respective contact point on the body, Po;

We note how the above definitions require, obviously, a preliminary choice of the
two contact points (on the fingertip and on the object), a choice that must be kept
during the whole system evolution; this is a consequence coherent with the decision
of assuming a point-like contact in presence of static friction as mentioned several
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times, therefore without any sliding and/or rolling of the fingertip onto the object
surface.

We can now proceed to formalize the differential, quasi-rigid constraint, by starting
from the following equation, whose meaning will be clear in the following

F(f)
c = k(Po −Pf ) + b · vPo/pf

(2.108)

being F(f)
c the contact force exerted on the finger as a consequence of two actions:

• An elastic term k(Po −Pf ), proportional to the detachment between contact
points, according to a proper constant k, and directed along the line joining
the two points;

• A viscous term b · vPo/pf
proportional, according to the b constant, to the

relative velocity of point Po with respect to the frame solidal to the fingertip;
this term, which exerts a “braking” action on the relative motion between the
two points, is required in order to damp the oscillations otherwise induced
by the presence of the “spring” given by the first term; we also note that its
direction, obviously, is not necessarily coincident with the line joining the two
points;

Assuming now to knoe the system state, i.e. the joint position and velocity of the
finger q, q̇, as well as the position and velocity of the object with respect to the base
frame < 0 >, it will be possible first of all to compute the following quantities, all
referred to the base frame

Po = 0
bT

[
σ
1

]
; Pf = 0

pf
T (q)

[
0
1

]
(2.109)

being 0
bT,

0
pf
T (q) the transformation matrices of object and finger, and σ the constant

position of the object point, projected on the base frame < b > (note how we
defined the positions of points in homogeneous coordinates, through the matrices
T ). Through the equations (2.109) we are now able to compute the elastic term in
(2.108).

Concerning the viscous term, some more algebra is necessary; by recalling the rule
of composition for linear velocities, we get

vPo/0 = vPf /0 + ωpf /0 ∧ rPo,Pf
+ vPo/pf

(2.110)

where it appears the term vPo/pf
of relative velocity that we desire to compute; the

other terms are: the absolute velocities vPo/0,vPf /0 of the two contact points, the
angular velocity ωpf /0 between fingertip and base frame, and the vector rPo,Pf

,
(Po −Pf ) joining the two points, already computed in the elastic term.

Therefore, by solving for the desired quantity, we have

vPo/pf
= vPo/0 − vPf /0 − ωpf /0 ∧ rPo,Pf

(2.111)
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by developing the term vPo/0 in (2.111), again from the composition rule for linear
velocities, we have

vPo/0 = vOb/0 + ωb/0 ∧ rPo,Ob
(2.112)

where we take into account the fact that the relative velocity vPo/b is of course zero,
since the point Po is solidal with the rigid body; finally, we have

vPo/pf
= vOb/0 − vPf /0 + ωb/0 ∧ rPo,Ob

− ωpf /0 ∧ rPo,Pf
(2.113)

At this point, the 4 term appearing on the right hand side of (2.113) can be computed
in the following way:

• The term vOb/0 is given as state variable of the rigid body, in the simulated
model;

• The term vPf /0 is given by

vPf /0 = 0JL,pf
(q)q̇ (2.114)

being 0JL,pf
the linear part of the Jacobian matrix between frame < 0 > and

the end-effector frame < pf >;

• In the third term, the angular velocity ωb/0 is given as state variable of the
rigid body, while the vector rPo,Ob

, which we desire to express with respect to
< 0 >, can be computed as

rPo,Ob
= 0

bRσ (2.115)

where the transformation matrix 0
bT is known as state variable, as well as the

constant vector σ previously defined;

• Concerning the last term, the angular velocity ωpf /0 of the fingertip frame is
given, analogously to the second term, by

ωpf /0 = 0JA,pf
(q)q̇ (2.116)

where 0JA,pf
is the angular part of the Jacobian matrix of the end-effector;

finally, the vector rPo,Pf
has already been computed in the elastic term through

(2.109);

Given the term vPo/pf
from (2.113), we have therefore also the viscous term in

(2.108), and finally also the instantaneous contact force, exerted on the fingertip; by
translating the force in terms of an equivalent joint torque system, we have

mc = JT
L,pf

(q) · F(f)
c (2.117)

being mc the joint torque, used as input to the finger dynamics simulator; this
torque term must obviously be added to the other terms of joint torque, given by
the position and force controller of the whole system.
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From the object point of view, by proceeding in an analogous way for all fingertips,
we get a set of contact forces on each point, each one trivially given by

F(o)
ci

= −F(f)
ci

; i = 1, 2, ..., h (2.118)

By collecting all force vectors on the object in a single column vector F(o)
c =

col(F(o)
c1 ,F

(o)
c2 , ...,F

(o)
ch ), we arrive to the following relationship[

f
τ

]
= JT

b (qb)F(o)
c (2.119)

which allows to compute the force/torque on the object through the Jacobian matrix
of the rigid body Jb, defined by (2.6). This will be the generalized force term that,
once inserted in the rigid body dynamics simulator, allows to obtain the temporal
evolution of its state variables, given by 0

bT and ωb/0,vOb/0.

2.5.2 Simulation results

Hereafter we will describe some simulations related to the hand-object system, ob-
tained through the above mentioned software tools, and using the described dynam-
ical contact model.

The simulated system consists of a 4-fingered hand, with overall 16 dof, kine-
matically correspondent to the experimental setup of which we will talk in the last
Chapter. In the present simulations we used the first 3 fingers, that is the thumb
and the second and third finger, only for simplicity of computation, and therefore
without loss of generality of the control methodology, that in fact can be applied to
an arbitrary numbr h of fingers, without substantial modifications.

Figure 2.5: Initial grasp of an object.
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Starting from suitable initial conditions, the task consists of positioning and ori-
enting a given object, of non-negligible mass, with the shape of a box, and grasped
by the hand on 3 given points, as it can be seen in Fig. 2.5.

Moreover, together with the position control, a complimentary force controller is
present, that uses the closed-loop formula derived in (2.107). As reference vector for
the internal forces, we decided to use, in an empirical way, the vector obtained by
projecting the 3 normal versors to each contact ni (see also the Section about the
internal grasping forces) onto the space of internal forces, by means of the orthogonal
projector onto the null-space of JT

b , given by the term (I −Pb) inside (2.96); in this
way, starting from vectors which are surely contained within the static friction cones
(because lying along their axes), these vectors are being projected in a such a way
that they keep being within the internal forces space (i.e. such that they do not
generate any motion).

We notice how this choice does not guarantee always to have, as reference vectors,
forces contained within the friction cones; but this can be verified in advance, since
these vectors are computed off-line, in order to satisfy the two above mentioned
requirements (i.e. to be internal forces and to lie within the friction cones), and
therefore these vectors can be multiplied by a unique scalar factor, theoretically of
an arbitrary magnitude, in order to ensure the static friction conditions, during all
of the manipulation task.

We also notice how, as already mentioned, the closed-loop control law (2.107),
being based on feedback and not pre-computed like as the (2.106), does not guarantee
a priori to keep the overall contact forces within their friction cones during all of
the manipulation task; therefore, it is also necessary to monitor the behaviour of
the forces during manipulation, by checking the angle with respect to the contact
normal against the static friction coefficient threshold µ.

In Fig. 2.6 we can see the reference position signals, along the three Cartesian axes
(left side) and the three orientation references (in terms of the axis-angle vector);
for sake of simplicity, only the term containing the acceleration reference q̈b of the
two feed-forward terms within (2.51) has been computed, since in this example, the
mass of a single finger is assumed to be negligible, with respect to the mass of the
manipulated object. Orientation references are given in terms of Roll-Pitch-Yaw
angles with a smooth behaviour, which are internally converted into a reference
rotation matrix R∗(t).

As we can notice, in order to show the validity of the control law (2.51), in pres-
ence of a feed-forward acceleration signal, after a short transient the position and
orientation of the object closely follows the reference signals, apart from small errors
due, as already mentioned, to the lack of the first feed-forward term in (2.51).

Concerning manipulation forces during the task, the results are shown in Fig. 2.7.
Force references are therefore given by a set of contact forces obtained, as above
mentioned, by projecting the contact normals onto the internal forces space through
the projector (I − Pb), and multiplied by a suitable scalar. The absolute values
of the force control errors, of course projected onto the internal forces space, are
shown in the three plots on the left side; as we can notice, after a short transient
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(the duration of which depends upon the gain value of the closed-loop force integral
(2.107)), the converge and keep very low values during all of the manipulation task.

The efficiency of the force controller is shown by the behaviour the angles (ex-
pressed in degrees) between the three overall force vectors (not projected) applied
to the respective contacts, and the three normal versors to the surface; we can notice
how these values, plotted on the right side of Fig. 2.7, reduce to low values (a few
degrees) right after the end of the respective force error transient.
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Figure 2.6: Following position and orientation references: desired values (red) and
resulting values (black).
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Figure 2.7: Force control signals, present in the simulated system.
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Chapter 3

Functional structure and control
hardware for the integrated
hand-arm system

Concerning the general control schemes for the hand-arm system, we can think of
an integrated architecture built in a modular way, and organized in several levels;
that is, the control system can be implemented as a set of software tasks, operating
in a multitask and multiprocessor environment, hierarchically distributed over the
whole computing hardware. Each one of them may send commands to the lower
level modules, and receive from them feedback signals.

Such a modular structure is coherent with the goals given in the Introduction,
and it is almost consequential with the theoretical developments of the algorithmic
control approach that will be hereafter described; moreover, it shows quite obvious
implementation advantages, that will be made clear during its description.

3.1 Functional structure of the control system

Starting from the software viewpoint we have, as already mentioned, a multi-level
structure that may be represented as in Fig. 3.1. The meaning of each level and
each module will be explained in more detail in the algorithmic description of the
hand-arm control approach; however, we can already present a brief overview of such
a functional architecture in a “bottom-up” way, differently from what will be given
when describing the specific control algorithms.

Referring to Fig. 3.1, we can first of all identify a “very low” control level (VLLC),
made up of modules (or tasks) that directly interact with the respective physical
system (in our case, the fingers of the robot hand, and the supporting arm); at
this level, each module implement a joint velocity control for each physical entity
inside the system; their task is to actuate, through the electrical actuators and the
force transmission systems, the joints of the respective entity, in order to follow “at
best” the velocity references from the upper level modules; such control is obtained
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Figure 3.1: Functional architecture of the control system.

through a suitable closed-loop scheme, by measuring the necessary feedback signals
directly from sensors located on the system joints.

The VLLC modules are independent one another, and their implementation is
strictly related to the physical sensory and actuation system of the respective robotic
entity, as well as to the specific mechanical force transmission system. In particular,
the robot hand fingers are actuated by means of a structure composed of tendons, and
this implies particular requirements while realizing the respective VLLC modules,
as it will be made clear in the following.

By going to the immediately upper level, we find a layer of “low level” controllers
(LLC), made up of modules which have a particular meaning in the context of the
functional control structure; in particular, the role of each LLC module is to realize
a cartesian control on a purely kinematic basis, of each physical entity; that is, each
LLC module receives position commands (as well as feed-forward velocity signals)
for the robot end-effector, in cartesian space, and it has the task of asymptotically
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follow these signals through joint velocity references, to be sent to the lower level
(VLLC), while receiving the joint position feedback from the respective physical
entity.

On this basis, we can design each LLC module in a uniform way, by taking care
of making explicit all of the necessary quantities for executing the above mentioned
cartesian task, and including all of the computing structures which depend on the
robot kinematics, so that only a given part of the module will be modified, while
going from one robot structure to another; that implies that each LLC module
corresponds to a computing system which depends on the kinematic structure of
the robot (robot-dependent), but not on the specific task to be performed (task-
independent), since the execution of such task, and its decomposition into local
cartesian sub-tasks, is deferred to an upper level, which we denote as “middle level”
of control (MLC).

The MLC level consists of the global task controller, and it is composed of a single
module, able to compute the cartesian position and velocity signals, that have to be
followed by the respective LLC modules; in order to allow the upper level to evaluate
the fulfilment of the global task, each LLC module makes available, as output, the
cartesian position of the respective end-effector (tool frame). Such a module, as we
already mentioned, operates exclusively in cartesian space, since it does not have
any need to know the kinematic structure of the controlled robot parts; in other
words, it is a robot-independent and task-dependent module.

Finally, we can notice by referring again to Fig. 3.1, the fact that the middle
level global task has control and scheduling inputs, given by a possible upper level,
for example a Human-Computer Interface (HCI); such an interface is driven by a
human operator, or by any “intelligent” controller, which provides the possibility of
assigning to the general system controller a more complex sequence of operations
(for example, assembly, coordinated transport, etc.).

3.2 The hardware control environment

Concerning the Hw/Sw environment, proposed in order to realize the control schemes
that will be described in more detail in the next Section, we can state that, due to
the modular and multi-level architecture before described, we reach in a natural way
a real-time environment, which is multi-tasking and multi-processor, effectively im-
plementing the control schemes. In particular, in Fig. 3.2 we represent the hardware
structure, where the control boards employed in the system are shown.

As we can easily deduce, this architecture leads to the separation of the MLC
control level from the LLC and VLLC, distributed in parallel computing boards;
in particular, we have a Master board, where the MLC task runs, and two Slave
boards, for each LLC and VLLC module of the robot hand fingers, as well as one
for the arm. This separation can be obtained by means of suitable communication
channels, for exchanging the different input and output signals of the modules, by
using a VME bus architecture, which is part of the “rack” contaning the control
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boards.
The hardware instruments that have been used in order to realize the different

control schemes are therefore: the rack, where the computing boards are mounted,
some of which directly interacting with the robot, and on which the control tasks
are executed; one common Workstation PC, connected to the rack by means of
local Ethernet connection, onto which all of the development and implementation
facilities are installed, such as MATLAB, Simulink, RDS, Real-Time Workshop,
and that also hosts the management software for the real-time operating system
Tornado/VxWorks.

In particular the control boards, communicating one another via VME Bus, are of
two types:

• a Motorola MVME167 board, which hosts the task corresponding to the MLC
module, and also operates as network gateway between the host PC and the
other Slave boards;

• several MVME162-22 boards, onto which the physical I/O devices are mounted,
that directly interact with the robot through flat cable connectors; on these
boards, the tasks related to the LLC/VLLC control level modules operate, and
exchange interface signals with the MLC module of the Master board;

Onto the 162 boards, several interfaces for managing the piggy-back modules, onto
which the analog-digital I/O devices necessary for controlling the physical system
operated by the VLLC tasks.

The advantages of the above mentioned realization are, mainly: a) the overall
reduction of the computing time for the individual board, due to the distribution
of the software on more processors; b) the possibility of choosing different real-time
sampling frequencies for each task, acting on the same board or on different boards;
c) the modularity of the hardware, which allows to substitute a robot architecture
with a different one, or to add a new one, simply by substituting the respective
VLLC modules and, whenever needed, the related I/O systems, as well as the partial
modification of the LLC modules (but only concerning the kinematic peculiarities
of the given robot).

It must be noticed how the differentiation of the real-time sampling times of the
tasks allows to obtain good performances for the whole control system, if we assign
a higher frequency to the VLLC tasks (since they implement, in fact, velocity servo-
controls on the system actuators, and therefore they are realized with relatively
simpler structures, from the algorithmic/functional point of view); and, at the same
time, we can choose lower sampling frequencies for the LLC modules, that contain
more complex algorithmic structures (concerning the kinematic structure of the
system), possibly subdividing them further in several control tasks with different
sampling times. Even more the MLC control level, which is hosted by a parallel
Master board, will need higher real-time computing times, and possibly computing
boards with higher performances, given the overall complexity of the computations
to be performed, related to the global control task.
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3.3 Experimental setup: the DIST-Hand robot

3.3.1 Kinematic structure

The DIST-Hand is an anthropomorphic robot hand, designed and currently commer-
cialized by the spin-off company GRAALTECH of the GRAAL lab of the University
of Genoa.

The configuration of the 4 fingers, perfectly identical in their structure (see Fig.
3.3), and similar to the human skeleton, has 3 fingers on the upper part, and an
opposed thumb in the lower part; each finger (including the thumb) has 4 degrees
of freedom, obtained through rotational joints, of which one (the first) has axis
orthogonal to the “palm”, while the others have 3 parallel axes, which are orthogonal
to the first one (see Fig. 3.4).

Moreover, on each joints are mounted several pulleys, which host the tendons that
are used for actuating the structure.

In Fig. 3.5 we can notice the organization of the tendons transmission system on
a single finger, described in the Section concerning the system actuation. For the
moment, we mention first of all that on each joint we can find different types of
pulleys:

• Free pulleys: they are meant uniquely for the routing of tendons; they are free
to rotate, and used uniquely for routing the tendon (ideally without friction)
towards the joint that has to be actuated;

• Actuation pulleys: they are solidal with the joint; the tendon is anchored on
them, and it ends there.

From now on, we will denote with q the joint angles of the hand, expressed in
radians.

It is also necessary to estabilsh the “zero” position of the hand, which corresponds
to q = 0; afterwards, we will be able to calibrate the joint position sensors, as well
as to position the different frames at the base of each finger.

In such a position, it will be important to have the joints more or less in the middle
of their limits, in order to guarantee a maximal motion freedom in both rotational
directions.

At the same time, the zero position should be such that all fingers are in a position
convenient for grasping; therefore, we adopted the following positioning:

• Joint 1: for each finger, apart the thumb, we position the joint such that
q1,j = 0 (where qi,j is the i− th joint of finger j) corresponds to link 1 aligned
with the support on which it is mounted; for finger 1, instead, we decided to
adopt q1,1 = 0 corresponding to link 1, rotated by −45◦ about the axis of joint
1, again with respect to its support; therefore finger 1, in its zero position, will
be reasonably close to the other fingers;

DIST - Robotics and Automation Lab



3.Functional structure and control hardware 43

• Joint 2: for fingers 2,3 and 4, we have a rotation of +45◦ about the respective
axis, between link 2 and link 1, with respect to their alignment; for finger 1,
links 1 and 2 are aligned, corresponding to q2,1 = 0;

• Joints 3 and 4: for all fingers, we have a rotation of +45◦, as we did for joint
2.

3.3.2 Actuation

In order to generate the necessary forces for the actuation, we used dc motors Hitec
HS-81MG, whose main features are resumed in the following table:

Power supply 5V
Speed at 4.8V 0.15 sec

60◦

Torque at 4.8V 2.2Kg × cm
Weight 17.5Kg

Dimensions 28× 13.7× 28mm

Each motor, in order to develop a suffucient torque for moving the hand, is
equipped with a gear reduction mechanism, that reduces the speed at the slow
transmission shaft.

This mechanism is embedded inside the motor package, in order to take the mini-
mum volume possible.

The motors are controlled by the input voltage, they show a good frequency re-
sponse, and have a smaller voume and cost.

Each finger is equipped with 5 motors: the first 4 actuate a single tendon, through
a pulley which is solidal with the slow shaft, whereas the last motor mounts 2 tendons
onto its pulley.

In Fig. 3.6 we can see the spatial arrangement of motors, pulleys and tendons
corresponding to the internal part of the “motor box”; the naming convention is the
following one:
M1, ...,M5 = motors
P1, ..., P5 = motor pulleys
T1, ..., T6 = tendons
The correspondence between motors-pulleys-tendons is the following one:

Motors Pulleys Tendons
M1 P1 T1

M2 P4 T4

M3 P3 T3

M4 P2 T2

M5 P5 T5, T6

Since the pulleys have a larger diameter with respect to the motor dimension, in
order to reduce the occupancy, the latter are placed with pulleys alternately to each
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side ot the base where they are placed; in this way, motors can still be mounted
adjacent to each other, without any contact between their pulleys.

Between motors and finger joints, it has been designed a system of tendons (6 per
finger) made up of polyhetilene, with a well-defined path through the finger pulleys
(Fig. 3.5).

In order to develop an arbitrary set of joint torques, the minimum number of
tendons to be employed should be n + 1, where n represents the number of joints
per finger; in our case, therefore, we should use at least 4 + 1 = 5 tendons.

However, with only 5 tendons the routing path would have been awkward and, in
fact, less functional; therefore, we decided to organize the actuation system in the
following way:

• for joint 1 we have 2 tendons, directly connected to it (antagonist), and actu-
ated by motor 5;

• for the other 3 joints, we have an actuating structure that respects the above
mentioned requirement: that is, we have 3+1 = 4 tendons, realizing the given
joint torques; these tendons are in turn actuated by motors 1, 2, 3 and 4.

It is worth to mention, at this point, that the forces that can be developed onto
the tendons by the motors are not all independent; in fact, this is true only for the
first 4 tendons, separately actuated.

For the last two (T5, T6), instead, we have only one motor and a common pulley;
therefore, if the shaft exerts a torque in a given rotational direction, the force on
the other one will be zero.

A last point to be mentioned is that, between motors and finger, the tendons are
running inside sheats, suitably lubricated, in order to reduce as much as possible
the sliding friction.

Briefly talking about the arm-related part of the integrated system, we adopted
a common industrial manipulator PUMA 260 ; the device has 6 rotational dof, and
the last 3 joints give an Euler angles wrist ; it is acuated by 6 dc motors, and
the positional feedback is provided to the control system through standard optical
encoders, in order to read the joint angular position.

Finally, the complete system is shown in the photo of Fig. (3.7).

DIST - Robotics and Automation Lab



3.Functional structure and control hardware 45

Master
Board
(MLC)

Input device

Arm
Board

(LLC/VLLC)

Output device

Position sensors

Actuators

Input device

Output device

Position sensors

Actuators

Arm Robot
and

Power Supply

Hand Robot
and

Power Supply

Hand
Board

(LLC/VLLC)

VME Rack

Figure 3.2: Hardware structure of the control system.
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Figure 3.3: The DIST-Hand.

Figure 3.4: Schematics of the hand.
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Figure 3.7: The integrated hand-arm system.
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Chapter 4

Algorithmic control architecture
for the integrated hand-arm
system

In order to describe the algorithms used for the coordinated hand-arm control, it
is necessary to do some preliminary considerations, useful for developing the global
system control schemes. By referring to Fig. 4.1, we consider the problem of fol-
lowing a given trajectory in cartesian space with the grasped object, controlled by
the hand-arm system; as we can notice, we put into evidence the different reference
frames, with the respective rotation matrices, so that we can formulate the problem
in terms of position and orientation errors of the different parts.

Figure 4.1: Schematic view of fhe integrated hand-arm system.
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Assuming a stable grasp of the object from the hand (assumption that can be
fulfilled by control laws such as the one hereafter proposed), we can see the possibility
of obtaining the motion of the body in cartesian space, by using at the same time the
degrees of freedom available from the hand and the arm, in a coordinated way. This
is in agreement with what we expect to obtain from an anthropomorphic system,
that should perform in a natural way manipulation tasks that are, at the same time,
of a large extension (with respect to a given workspace) and of a general nature
(with respect to the shape and dimension of the manipulated object); all of this,
moreover, ensuring a good level of “dexterity” of the complete system.

Given the above mentioned goals, we can first of all develop the control algorithms
by decomposing the task in two distinct parts, one related to the hand and the other
to the arm, and afterwards join (and complete) the so obtained results in a single
middle-level control scheme (MLC), able to satisfy the given specifications.

By considering the complete system, the problem of following a trajectory can be
formulated, in analogy with what said in Chapter 2, as the problem of reaching an
asymptotic coincidence of the goal frame < a > with the body frame < b >, by
zeroing the position and orientation error e.

If we assume all quantities to be referred to an inertial base frame < 0 >, concern-
ing the computation of the error e (given by the already developed relationships in
Chapter 2) it can be immediately noticed that we need to know the absolute pose
of the object (that is, the transformation matrix 0

bT ); this quantity depends upon
all of the positional variables of the system, both the ones related to the arm, and
the ones of the hand, as it will be clear in what follows.

Going back to the general control algorithm, we can see from Eq. (2.29) that a
purely kinematic control of the system allows an exponential convergence to zero
of the cartesian error, provided that the velocity q̇b is realized “at best” by the
hand-arm system.

At this point, we consider in a first attempt the idea of realizing the given velocity
(2.29) by splitting the controller in two distinct parts, conceptually related to the
hand and the arm subsystem (from now on, we will denote with the index H all
quantities related to the hand, and with A the ones related to the arm).

4.1 Description and implementation of the MLC mod-
ule

In the present Section, we will describe the algorithmic structure of the Middle-Level
control module (MLC); this description, and the consequent implementation, will
be subdivided in a first time between the two main system parts (hand and arm),
which will be the starting point for the integrated control approach of the whole
system.
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4.1.1 The MLC controller for the hand, and the implementation of
grasping

< b > 

< p > 

< a > 

<0> 

1x�

2x�
3x�

4x�

Figure 4.2: Cartesian velocities of manipulation.

In particular, let us consider the subsystem made up of the only robot hand, that
is depicted in Fig. 4.2; starting with the global error e, we can obtain a control law
related to the robot hand only, as already done in Chapter 2, by simply imposing a
cartesian velocity to the body of the form

˙̂qb,H , −γHe; γH > 0 (4.1)

with γH a suitable gain factor (for sake of simplicity, a scalar); while defining the
reference ˙̂qb,H , we choose to neglect the feed-forward velocity term q̇a for sake of
simplicity, however without loss of generality for the method.

Afterwards, by considering the relation

˙̂XH ≡ Jb
˙̂qb,H (4.2)

where ˙̂XH , col( ˙̂x1,H , ..., ˙̂xh,H), we obtain the absolute cartesian velocities (i.e.
related to < 0 >) ˙̂xi,H , to be imposed to the fingers. We also notice how the law
formulated in (4.2), referred to the inertial frame < 0 >, can be now considered in
relationship with the geometric space solidal with the rigid palm, given by the frame
< p >. In fact, a simple projection of the geometric and kinematic quantities onto
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the palm frame, through the rotation matrix 0
pR

T , allows to formulate the kinematic
control law in the following way:

˙̂XH,m = − 0
pR

(h)T (JbγHe) (4.3)

where 0
pR

(h) is the block-diagonal organization (of order h) of the matrix 0
pR, and

after renaming ˙̂XH,m with the index m, in order to denote the overall velocity
reference signal for the hand, for the object motion.

We notice how the rotation matrix 0
pR depends on the only arm subsystem, and it

can be computed starting from the posture of the latter, that is from the joint angles
qA; we also notice that the subdivision of the control between the two subsystems
leads us to consider such quantity, related to the “hand” entity, as an external input
coming from the complimentary “arm” entity.

Still concerning the part related to the hand, we can see that the matrix Jb,
which is necessary in order to transfer the cartesian velocities from the object to the
fingertips, depends on the absolute pose of the object (since the vectors si appearing
in its definition (2.6) depend on it), and therefore, for its computation we need the
global transformation matrix 0

bT , already needed for the computation of the global
error e; at this point, we can think of obtaining this quantity by composing two
distinct and independent transformations: the first one, related to the arm, given
by the already mentioned 0

pT , and the second, related to the hand, given by the
matrix p

bT .
In particular concerning the latter, the estimation of the object pose < b >, referred

to the palm < p > is an operation that can be implemented with the method
described afterwards, given the position of fingertips on the object, and projected
onto the palm psi(qi,H); i = 1, 2, ..., h; this computation will be therefore part of the
hand subsystem, together with the grasping controller hereafter described.

As far as the object grasp is concerned, we need to develop a control law that, in
a middle-level context, should be able to guarantee the persistence of contact in the
predefined points, during the whole coordinated manipulation task.

Even though the force control laws developed in Chapter 2 (and, in particular, the
closed-loop law given by (2.107)) have been shown to be adequate for a generic multi-
finger manipulation system, in absence of suitable force sensors on the fingertips,
it is necessary to develop a control methodology that does not make use of force
feedback, but that is nevertheless able to obtain, in principle, a stable grasp of the
manipulated object.

On the basis of some considerations, in principle of a purely geometric nature (but
in fact dynamically valid), we can formulate a control strategy for the grasping as
the one hereafter described.

Consider Fig. 4.3, where the hand system is represented; in order to keep the
fingertips in contact with the object, the described idea simply consists in realizing
a cartesian control of mutual distances, where we impose, for each fingertip, to keep
a fixed distance with each other, in a closed-loop scheme. In this way, in fact, we
assign kinematic constraints to the hand system, such as to avoid the drift of each
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Figure 4.3: Control of fingertip distances.

part, and maintain the “grasp configuration” also in absence of the object, as it will
be clear from the algorithmic description.

If we assume of having selected the grasp configuration for the object (given by
the vectors σi, i = 1, 2, ..., h), we can therefore assign the mutual distance references,
by computing the following quantities (constant in time)

di,j , ‖σj − σi‖ ; i 6= j (4.4)

Given these quantities for each pair of fingertips, we will be therefore able to define
a distance error vector, in the following way: let d be the reference distance between
any two fingertips, and define with

ed , v − dw (4.5)

the error, where v , (xj − xi) is the vector joining two fingertips, and w , v
‖v‖ the

respective unit versor. By introducing a suitable Lyapunov function, given by

Vd ,
1
2
‖ed‖2 =

1
2
eT

d ed (4.6)

we obtain, by taking its temporal derivative,

V̇d = eT
d ėd = (vT − dwT )(v̇ − dẇ) (4.7)

Since v,w ⊥ ẇ, where w is a unit vector, we will have V̇d = eT
d v̇; now, by choosing

v̇ ≡ −γded; γd > 0 (4.8)

we obtain, as desired, V̇d < 0.
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This, in turn, requires that ẋi = γd(v−dw), being xj a reference point for fingertip
i. Finally, by repeating the same reasoning for all fingertips xj ; j 6= i, and summing
up all kinematic reference signals for fingertip i, we obtain the following control law:

˙̂xi,d , γd

∑
j 6=i

(vi,j − di,jwi,j); i = 1, 2, ..., h (4.9)

that results in a cartesian velocity reference, as it is the one computed for ma-
nipulating the object in (4.3); finally, we can collect in a single vector ˙̂XH,d ,

col( ˙̂x1,d, ˙̂x2,d, ..., ˙̂xh,d) the overall reference signal for keeping mutual distances.
At this point, by superimposing to the motion control of the object given in (4.3)

the distance control of (4.9), we obtain the overall velocity reference signal given by

˙̂XH , ˙̂XH,m + ˙̂XH,d (4.10)

The so obtained kinematic control law (4.10), constitutes therefore the hand sub-
system of the middle-level cartesian control, to which we will now add the compli-
mentary arm subsystem. In particular, we notice how the resulting signal (4.10) is a
pure cartesian velocity reference system for the underlying level (LLC); in fact, since
the LLC modules accept both position and velocity signals (in cartesian space), we
need to supply an additional position signal, that can be obtained in the following
way.

Consider the position
x̂i , p

bTσi; i = 1, 2, ..., h (4.11)
(expressed in homogeneous coordinates), to be intended as the instantaneous posi-
tion of the i − th contact point (estimated) on the object; if we consider the latter
as a further reference for the corresponding fingertip, we trivially obtain with (4.11)
the additional position signal for the fingertip, to be sent to the respective LLC
module.

In Fig. 4.4 we show the middle-level module related to the robot hand, by letting
open, for the moment, the arm subsection; as we can notice, the different signals
that are present in the system correspond, in fact, to what up to now developed
for the control of manipulation through the only hand; in Fig. 4.4 we also indicate
the LLC modules for the fingers, with the respective input and output signals, that
will be described in the next Section. For sake of clarity, in the diagram of Fig. 4.4
we do not put into evidence the VLLC modules of the fingers, that are obviously
connected with the respective LLC modules (as it is instead shown in Fig. 3.1); the
description and particularization of the LLC/VLLC modules will be given later on
in more detail. In the next paragraph, we will now describe an algorithm related to
the estimation of position and orientation of the rigid body, using the informations
related to the posture of the hand system.

4.1.2 Estimating the object pose

In order to compute the rigid object pose < b > with respect to the base frame
< 0 >, actually coincident with the palm < p >, we propose a simple estimation
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Figure 4.4: The MLC subsystem related to the robot hand.

method, based on the knowledge of contact points on the object that, by assumption,
are constant in time (as in the contact model of Eq. (2.11).

Referring to Fig. 4.5, where < 0 >≡< p >, we wish to determine the position px
and orientation p

bR of frame < b >. First of all, we need to make two preliminary
assumptions: a) we assume to know, on-line, the vectors {pP1,

p P2, ...,
p Ph}, which

define the instantaneous position of the contact points, with respect to frame < p >;
this information is simply given by the position of the fingertips in cartesian space,
that can be therefore easily computed from the measurement of joint angles qi for
each finger; moreover, b) we know off-line the constant vectors

{
bP1,

b P2, ...,
b Ph

}
,

{σ1, σ2, ..., σh}, that give the position of the same contact points with respect to
frame < b >; this information is given by the prior choice of the grasp configuration
for the object.

We immediately notice how, in order to perform the estimation, it may be sufficient
using only 3 of the h contact points, for example P1,P2,P3.

Then, we define an intermediate frame < b
′
> which is solidal to the rigid body,

whose origin is located in one of the contact points (e.g. P1), and whose orthogonal
axes are hereafter specified.

Consider the plane given by the 3 contact points {P1,P2,P3}; let n be the normal
versor to the plane, and t the direction (P2 −P1), lying on the plane; let finally
w be the versor that completes the other two to a right-hand orthonormal frame;
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Figure 4.5: Definition of cartesian frames for pose estimation.

therefore we have:
< b

′
>, {t,w,n} (4.12)

Moreover, define
v1 , (P2 −P1) ; v2 , (P3 −P1) (4.13)

Then, we can recover the orientation matrix b
′

b R, by taking into account that

bn ,
b(v1∧v2)
‖v1∧v2‖

bt ,
bv1
‖v1‖

bw ,
b
(n ∧ t)

(4.14)

indeed, we simply have

b
b′
R =

[
bt
∣∣∣bw∣∣∣b n

]T

(4.15)

Afterwards, we define with x
′

the point obtained by projecting the origin x of frame
< b > onto the plane {P1,P2,P3}. We notice how the vector

(
x
′ −P1

)
, lying on

the plane, can also be expressed as(
x
′ −P1

)
= −σ1 + kn (4.16)
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being {
σ1 , (P1 − x)
k , (P1 − x)T n = σT

1 n
(4.17)

But, since the plane onto which
(
x
′ −P1

)
is lying, is also generated by the versors

{t,w}, we have (
x
′ −P1

)
= at + bw (4.18)

being {
a = (−σ1 + kn)t
b = (−σ1 + kn)w

(4.19)

Therefore, the coefficients k, a, b can be obtained from the available vectors σ1,
b n,bt,bw

(already computed for frame < b′ >), and, finally, we can obtain the position of 0x,
which is the origin of < b >:

px =px
′ − kpn =pP1 + apt + bpw − kpn (4.20)

In a fully similar way to the computation of matrix b
b′R, we can also compute the

orientation matrix p

b
′R, being: 

pn ,
p(v1∧v2)
‖v1∧v2‖

pt ,
pv1
‖v1‖

pw ,
p
(n ∧ t)

(4.21)

from which we have
p
bR = p

b′
R b

b′
RT (4.22)

By concluding, once we compute the matrix p
bR through (4.22) and (4.21), and the

point px through (4.20), we can compute the desired transformation matrix

p
bT =

[ p
bR

px
0 1

]
(4.23)

4.1.3 The MLC control of the arm

We will now describe the MLC sub-module related to the arm, starting from a control
approach based on the cartesian task of position-orientation, as already done for the
hand sub-system.

From the functional point of view, we already said (see Fig. 3.1) that the MLC
module implements a purely cartesian control of the whole system, and in particular,
referring to the arm subsystem, we have an algorithmic structure that allows the
computation of cartesian velocities related to the end-effector frame of the arm, by
exchanging the related signals (feedback and feed-forward).
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Figure 4.6: The arm sub-system.

Starting again from the computation of the overall error e of position and orien-
tation with respect to the base < 0 >, we can say, as already done for the hand,
that we need to provide a suitable feed-forward cartesian velocity signal, given by
the similar formula

˙̂qb,A = −γAe; γA > 0 (4.24)
where γA is another positive gain factor, and where the feed-forward velocity term
q̇a has again been neglected.

Now, assume to impose a linear and angular velocity ˙̂qb,A to the body, by using
the only arm subsystem, and keeping the hand grasp fixed to a given posture; this
will clearly imply to have already a given constant position of frame < b > with
respect to the palm < p >. But, in that case, imposing the cartesian velocity ˙̂qb,A

to the body < b > is equivalent to impose a cartesian velocity, denoted with ˙̂Xp, to
the hand palm < p >, which is solidal with the last link of the arm; this velocity
will be given by

˙̂Xp = Sp,b
˙̂qb,A (4.25)

being ˙̂Xp , col(v̂p, ω̂p), and having defined with

Sp,b ,

[
I3 [rp,b∧]
0 I3

]
; rp,b , (Ob −Op) (4.26)

the matrix that “transfers” cartesian velocities from a frame to another, on the same
link (in this case, the end link of the arm); moreover, we assume to have chosen a
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suitable value for the proportional gain γA. In order to realize the desired velocity,
it is necessary to impose the signal (4.25) to the arm, as a feed-forward velocity
signal, to be sent to the respective LLC module.

For reasons that will become clear in the following, instead of sending a pure
velocity command, we chose, at MLC level, to compute an equivalent positional
(linear and angular) signal, obtained through an integration procedure of (4.25)
with suitable initial conditions, and to send both the positional and the feed-forward
signals to the LLC module.

This idea leads to the definition, as positional reference for the arm system, an
auxiliary “goal” frame < p′ > given by the transformation matrix

0
p′T (t) ,

[
0
p′R xp′

0 1

]
(4.27)

such that: 
0
p′T (0) ≡ 0

pT (0)

Ẋp′ ≡
˙̂Xp

(4.28)

In other words, we defined < p′ >≡< p > at time (t = 0), and set the velocity Ẋp′

of frame < p′ > given by (vp′ , ωp′) ≡ (v̂p, ω̂p), previously computed.
In order to define the temporal evolution of the goal < p′ >, the resulting signal is

simply given by numerical integration formulae, analogous to the ones given at the
beginning of Chapter 2: 

ẋp′ = v̂p

0
p′Ṙ = [ω̂p∧] 0

p′R
(4.29)

By resuming, as a consequence of the “integration” process (4.29) we obtained
the definition of an auxiliary frame < p′ >, initially assumed to be coincident with
< p >, and subsequently considered as a cartesian position reference, of which we
know (and use) also the information related to its velocity Ẋp′ .

The arm MLC subsystem is finally depicted in Fig. 4.7, where we put into evidence
the integratio process with a block “1

s”, with a slight notation abuse (since it is not
an integration process in the common sense of the term, as it is clear from (4.29));
to the arm LLC module, as it is evident from the picture, will be sent a complete
position and velocity signal of the goal frame < p′ >, that must be realized “at best”
by the control system LLC/VLLC, as it will be explained in the related Section.

We also notice, concerning the arm, that under the assumption of a perfect tem-
poral coincidence of the two frames, i.e. < p >≡< p′ >, we also have Ẋp ≡ Ẋp′ ,
and therefore, q̇b,A ≡ ˙̂qb,A = −γAe.

4.1.4 The hand-arm integration

At this point, in order to complete the description of the MLC control level, we can
look back at the results obtained separately in the two previous Sections, so that
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MLC Hand
Subsystem

Figure 4.7: The arm MLC subsystem.

the meaning of the integration of the complete hand-arm system will be evident;
in particular, the meaningful quantities for tracking the position reference with the
given object are provided by the two reference signals, of cartesian position and
velocity, defined by the equations (4.10), (4.11) concerning the hand part of the
MLC, and by (4.25), (4.27), concerning the arm subsystem.

In the previous Sections we put into evidence, therefore, how the general task can
be completed by considering the two robotic entities separately; that means:

• we developed a kinematic control law (cartesian) related to the only hand part,
by considering the whole arm subsystem as nothing more that a fixed support,
to the end-effector of which (i.e. the rigid hand palm) is connected the other
subsystem, and acting as a single entity which is controlled for executing the
task (Eq. (4.10), (4.11));

• afterwards, we obtained a control law related to the arm subsystem, also such
as to perform the given task, without making use of the hand subsystem, which
is considered as a rigid gripper, able to keep a fixed position of the object with
respect to its own support (the palm), as it is evident from Eq. (4.25), (4.27)

Since the two references contribute separately and simultaneously to the execution
of the given task (i.e. zeroing the global position and orientation error e of the
object), it is clear that we can proceed to superimpose the two control laws, as it
is also evident from Fig. (4.7) and (4.4), if considered as a whole; hereafter, we
resume the definitions related to the reference frames, plus the feed-forward signals
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generated by the complete MLC cartesian control system; in particular, we have:
0
pT̂ , 0

p′T

˙̂Xp , −γASp,be ≡ Ẋp′

(4.30)

concerning the arm (see again Eq. (4.29) for computing 0
p′T ), and x̂H,i , p

bTσi; i = 1, 2, ..., h

˙̂XH ≡ −γHJbe + ˙̂XH,d

(4.31)

concerning the hand, being ˙̂XH,d the grasp correction term (mutual distances) given
by (4.9).

Now we notice that the term Sp,b appearing inside (4.30), that allows to transfer
the velocity references for the object < b > onto the palm < p >, is not anymore
a constant matrix, but a time-varying term according to the instantaneous pose
(estimated) that the object assumes relative to the palm, due to the manipulation
operated by the hand subsystem; in order to estimate the object pose, we use the
method previously described.

Moreover, we notice that the correction term ˙̂XH,d inside (4.31) can be considered
a transient term of a small entity, since we suppose that the grasp configuration is
constant, during all of the manipulation phase.

By concluding, we finally notice how all of the position/velocity references that
the system assumes, are jointly leading to the convergence to zero of the global
position/orientation error e, according to

q̇b = ˙̂qb,H + ˙̂qb,A = −(γA + γH)e (4.32)
A suitable tuning of the gain parameters γH , γA allows to assign a higher or lower
dexterity to one subsystem with respect to the other; their value and evolution in
time may play a crucial role while performing the desired task, leaving a wide choice
for choosing the operation modality of the integrated hand-arm system.

At this point, we see how inside the control law for the arm, given by (4.30),
together with the integration process (4.29), we chose to use the additional reference
< p′ > since, in absence of operation of the arm (i.e. for a gain value γA = 0),
it is necessary to have anyway a closed-loop position control scheme (where the
reference position is in this case constant), such as to react to possible disturbances
or positional drifts acting on the system; this means that the signal coming from the
integration process 0

p′T has to be kept by a control loop that will take place, as we will
see in the following, in the respective LLC module. As far as the hand is concerned,
due to the negligible masses, the presence of drifts can instead be neglected, and the
pure velocity control, with references given by the second of (4.31), is sufficient to
ensure the system stability, also in absence of the gain γH (notice how inside (4.31),
in fact, the position reference terms are redundant quantities for the system, but set
only for sake of completeness of the whole position/velocity control system, which
will be realized by the respective LLC modules).
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4.2 Description of LLC modules

We will consider now the LLC control modules, related to the different system parts
which, in the present case, are given by the arm subsystem, and the individual
fingers of the hand subsystem.

As it will be clear from the next description, the LLC modules are entities which
partly depend upon the kinematic structure of the respective robotic subsystem
(that is, partly robot-dependent), but, in their general algorithmic structure, they
are built in a uniform way, according to a common logical scheme; such a scheme
can, in fact, be replicated for each additional or substitutive subsystem, that can be
present in the general control context.

Let us first of all consider the arm subsystem, and the related LLC control module,
depicted in Fig. 4.7 within the context of the Middle Level controller, and refer to
the general diagram of Fig. 3.1 at the beginning of the Chapter, with the respective
input and output signals shown.

In this context, as already mentioned, the task of the LLC module is to ensure the
tracking of a cartesian reference signal for the end-effector of the subsystem, in the
most general case with position and orientation, plus the additional feed-forward
velocity signals, also given in cartesian space, as a linear and angular velocity. Such
task has to be translated and performed within the context of a purely kinematic
control, i.e. through the specification of suitable joint velocity reference signals for
the given subsystem, whose realization will be deferred to the VLLC module at the
lowest level.

When considering the tracking of a goal frame, generally denoted by < g >, by
means of the end-effector, whose frame will be here denoted by < e >, we can define
a generalized error vector e , col(d, ρ) (for sake of clarity, dropping for the moment
the indices), as already done previously concerning the overall manipulation task;
moreover, assume to have the feed-forward cartesian velocity signal q̇g , col(ωg,vg);
by defining a suitable Lyapunov function, in a fully analogous way to our previous
developments, we can define cartesian control law

Ẋ = −γe + q̇g;γ > 0 (4.33)

having indicated with γ a generic gain factor, related to the arm LLC module, and
with Ẋ the cartesian velocity reference for the end-effector.

Now, we consider the general kinematic law that relates the joint velocities of a
general robotic system with the linear and angular velocity in cartesian space of the
end-effector solidal frame < e >. As it is well known, such a relationship is given by

0Ẋe/0 = 0Je/0(q)q̇ (4.34)

being 0Ẋe/0 , col(0ωe/0,
0 ve/0) the generalized end-effector velocity < e > with

respect to the base frame < 0 >, 0Je/0(q) the related Jacobian matrix, and where
all of the quantities are projected to the < 0 > frame.
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When talking about the LLC modules, it is now important to examime the law
(4.34), by considering the possibility of realizing the cartesian velocity reference Ẋ
in (4.33) through a kinematic (therefore always in the joint velocities) control, while
keeping into account the presence of possible singular configurations for the arm(
obviously extended, subsequently, to the hand fingers).

4.2.1 Handling the kinematic singularities for the LLC control

Standard manipulators are often designed with no more thab 6 dof, which is the
minimum necessary number for performing complete position and orientation tasks
in cartesian space. Although 6 dof are sufficient for a conventional design, this also
may limit the potential application field for the manipulator.

When a robot follows a given trajectory with the end-effector and needs, for ex-
ample, to avoid collisions with an obstacle, more than 6 dof are required. Moreover,
due to the non-linearity of the kinematics, there are particular configurations where
the robot kinematics degenerates, and becomes in fact equivalent to less than 6 dof.
These configurations are called singular points (or singularities).

Inverse kinematics is one of the necessary functionalities for the control system
that so far we have been talking about. We define, in general, the position and
orientation of the end-effector X, described as a nonlinear function of the joint
variables q ∈ <n, as:

X = f(q) (4.35)

The differential relationship is described by the following linear equation in the
Jacobian matrix J(q) , ∂f

∂q :
Ẋ =J(q)q̇ (4.36)

In order to compute the inverse kinematics we solve, whenever possible, Eq. (4.36)
w.r.t. q̇. When X and q have the same dimension, computing the inverse kinematics
is the same as finding the inverse of both the nonlinear function (4.35) and the linear
one (4.36). In both cases, the conditions for existence of the inverse function are
det J(q) 6= 0. Here q is called a singular point, if detJ(q) = 0.

If the number of joints is bigger than the dimension of the manipulation variable,
a manipulator is called redundant. Such a manipulator is characterized by the fact
that there exist infinite solutions for the inverse kinematics.

For kinematically redundant manipulators, singular points are defined as the q
that make J(q) rank-deficient.

Singular points are not only found at the borders of the workspace, but also in
the middle, and they limit the trajectories of the end-effector that the manipulator
could follow.

The most serious problem concerning singularities is not given by the singular
points themselves, which have a zero volume in the workspace, but rather by all
postures in the neighborhood (where the definition for “neighborhood” will be made
clear in the following) of singular points, within a finite volume. Near to the sin-
gularities, to a small change in X it corresponds a large variation in q, therefore
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producing a large joint velocity signal that cannot be realized by the limited actuator
forces and velocities.

In order to identify the velocities to be assigned as joint references, in the most
general case, we can try do compute the ones with minimum norm ‖q̇‖ with respect
to a suitable “weight” matrix W , hereafter defined.

For the moment, let us assume that the J matrix is full rank, for a given configura-
tion q; therefore, we wish to solve the following constrained minimization problem:{

minq̇ ‖q̇‖2W
Ẋ = J q̇

(4.37)

being ‖q̇‖2W , (q̇TW q̇) the minimum (squared) norm of the vector q̇, weighted by
the matrix W . Since W is positive definite, we can compute its square root Σ,
through which we can re-write the problem (4.37) as{

minq̇(q̇T ΣT Σq̇)
Ẋ = J q̇

(4.38)

Now, by substituting the variables ż , Σq̇, from which it follows q̇ , Σ−1ż, and by
indicating with J , JΣ−1 the “transformed” Jacobian matrix, we can reformulate
the problem (4.38) in the standard least-squares form{

minż ‖ż‖2

Ẋ = J ż
(4.39)

that, as we can verify by using the Lagrange multipliers, it admits a solution given
by

ż = J
#Ẋ , J

T (JJT )−1Ẋ (4.40)

being J# the pseudo-inverse of the matrix J ; after simple algebraic manipulation,
we have

ż = (Σ−1)TJT (JW−1JT )−1Ẋ (4.41)

By reformulating the obtained result in terms of q̇, we find the solution of the original
problem

q̇ = W−1JT (JW−1JT )−1Ẋ (4.42)

While inverting the matrix J , in the general case we can face the problem of losing
rank, and, in correspondence of postures q near to singular points, very high joint
reference velocities will be generated (tending to infinity into the singularities). If
we desire to obtain anyway limited velocity references, also in presence of these
situations, it is then possible to add a regularizing factor, given by the following
formula

J
∗

, J
T (J J

T +K)−1; K > 0 (4.43)

where K is a suitable matrix (positive semi-definite) that will be subsequently char-
acterized, and where J∗ is the pseudo-inverse, regularized by K, of the (weighted)
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Jacobian matrix J . By explicitly writing J in terms of the initial J matrix, we
obtain

J
∗ = (Σ−1)TJT (JW−1JT +K)−1 (4.44)

The implementation of the computing procedure for J
∗ in (4.43) requires the

choice of K, possibly variable with the configuration q, that, as it will be clear in
the following, allows to obtain limited joint velocities (and for sure finite) also in the
neighborhood of singular configurations.

Let us consider therefore the singular values decomposition (SVD) of a generic
matrix J , in our case with dimension (6 × n), through which we can always write
the matrix J as the product of 3 matrices

J = U · S · V T (4.45)

where:

• S is a (6×n) matrix uniquely defined with, in its main diagonal, the 6 singular
values of J , defined as the squared roots of the eigenvalues si ≥ 0 of the matrix
(J J

T ), positive semi-definite, and with null off-diagonal elements;

• U and V are two square, orthogonal matrices, with dimension (6×6) e (n×n),
respectively; therefore, UTU = I6 and V TV = In;

From the (4.45) decomposition, we conclude that

J
T = V · ST · UT

and, based on the properties expressed by the so obtained SVD matrices, the fol-
lowing developments are possible:

J
∗ = V · ST · UT (U · S · V T · V · ST · UT +K)−1 = (4.46)

= V · ST · UT (U · S · ST · UT + U · UT ·K · U · UT )−1 =

= V · ST · UT · (U · S · ST · UT + U ·K∗ · UT )−1 =

= V · ST · (S · ST +K∗)−1 · UT

after having defined
K∗ , UT ·K · U ⇒ K∗ ≥ 0 (4.47)

Now, by choosing
K∗ ≡ diag(k1, k2,..., kn), ki ≥ 0 (4.48)
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and consequently structuring the matrix K ≡ U ·K∗ · UT , based on the definition
of S we have

ST · (S · ST +K∗)−1 =



s1

s2
1+k1

0 ... 0
0 s2

s2
2+k2

... 0
... ... ... ...
0 0 ... s6

s2
6+k6

... ... ... ...
0 0 ... 0


, S∗ (4.49)

where the matrix S∗ contains the “regularized” singular values of J∗, therefore
obtaining

J
∗ = V · S∗ · UT (4.50)

Now, in place of the exact solution (4.40) to the problem (4.39), that makes use of
the exact pseudoinverse J#, we use instead the approximate solution

ż = J
∗Ẋ (4.51)

by recalling also that q̇ = Σ−1ż, finally, the velocity signal that will be sent to the
joints will be given by

q̇ = Σ−1J
∗Ẋ (4.52)

At this point, we can consider the problem of the regularizing effects of the term
K, by analyzing the modified singular values given by (4.49); it is clear that, in
absence of one of the ki factors, the corresponding singular value in (4.49) is simply
1
si

, that therefore takes back the non-regularized value, that we find in the exact

matrix J
#; nevertheless, in presence of singularities, at least one of the values si

tends to 0, and therefore it is necessary to introduce a corresponding value ki, such
that the regularized value will tend to s∗i = 0 instead of infinity.

So, it is clear that we need in some way to tune the value assumed by the ki

coefficients, based on the distance from the singularity; therefore we can think of
defining, for each ki, a smooth function ki(si), that varies between a maximum
value kM , ki(0), and a non-zero minimum value beyond a given threshold, sM ; for
example, a simple “raised cosine” function can be effective for this purpose (see Fig.
4.8).

We notice therefore that the problem of kinematic singularities can be solved, by
defining two suitable values for the regularizing function ki:

• The maximum value kM , taking place in the singularity position;

• The threshold sM , below which the regularization starts

The computation of ki(si), moreover, can be done independently for each singular
value si; i = 1, 2, ..., 6.
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Figure 4.8: Adaptation of the regularization factors for the SVD.

4.2.2 The joint kinematic control law

From the relationship (4.34) we deduce, based on the developments of the previous
Section, that a possible joint vector velocity realizing the law (4.33) is given by

q̇ = J∗(q)(−γe + q̇g) (4.53)

where we indicate with J∗ the regularized pseudoinverse of the end-effector Jacobian
matrix J(q) (omitting for sake of simplicity the weight factors W in (4.37), and
therefore setting W = I); the latter is computed with (4.50), through a suitable
SVD decomposition algorithm, and the regularizing factors ki in (4.49).

Assuming to have a cartesian error measure e, we finally have the generic joint
control law, given by (4.53).

In the case of the arm, let us consider the frame < e >≡< p >, i.e. define the
end-effector frame coincident with the palm frame, solidal with the lask link of the
wrist; moreover consider, as position reference, the frame < g >≡< p′ > coming
from the upper MLC level, for which the position/velocity cartesian references are
given by the formulae (4.30) of the previous Section.

As far as it concerns the computation of the error ep′,p, having also the two trans-
formation matrices 0

p′T (from the first of the (4.30)) and 0
pT (qA), the latter evaluated

as cartesian feedback from the arm posture qA, we proceed as for the MLC task,
through the versors’ Lemma formula of (2.22); moreover, concerning the feed-forward
velocity signal Ẋp′ , col(ωp′ ,vp′), the latter is given by the second of the (4.30), as
it is also evident from Fig. 4.7.

By resuming, in order to realize the tracking of the goal frame < p′ >, it will be
necessary to impose to the palm < p > a reference velocity given by

Ẋp = −γA,llcep′,p + Ẋp′ (4.54)

and the law (4.54) has to be realized through the pseudo-inversion of the Jacobian
matrix 0Jp/0(qA).
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At this point it is clear that the robot-dependent part of the LLC control scheme
is obtained by computing the 2 matrices 0Jp/0(qA) e 0

pT (qA), both known analytic
functions of the posture qA of the arm subsystem.

In order to complete the LLC module related to the arm, it is then useful to add
the possibility of having a palm frame whose position, with respect to a fixed frame
solidal to the last link, can be specified on-line; in other words, it will be useful to
compute the matrices J(qA) e T (qA) (indices omitted for sake of simplicity) with
respect to a frame chosen in advance, to which the palm is solidal, in order to be
able to decide the relative location of the desired frame < p >, at the time of task
implementation and execution.

The latter reasoning leads to define a further auxiliary frame < t > on the end-
effector, and the related location t

pT of the palm; it will be therefore

0
pT (qA) = 0

tT (qA) t
pT (4.55)

where the required analytic real-time computation now concerns the matrix 0
tT (qA).

Moreover, the computation of the Jacobian 0Jp/0 can be performed by using the one
of the frame < t >, 0Jt/0, given by

0Jp/0 = St,p
0Jt/0 (4.56)

being St,p defined and computed analogously to (4.26), and finally

q̇A = 0J#
p/0(qA) Ẋp (4.57)

(with possible regularization of the pseudoinverse, 0J∗p/0) where, this time, compu-
tation of the Jacobian matrix now concerns 0Jt/0(qA).

By concluding, the algorithmic structure of the LLC control module for the arm
is depicted in Fig. 4.9, where the different input and output signals for the module
are put into evidence, as well as the computation of the pseudoinverse.

As far as the LLC level for the hand is concerned, we can first of all notice from
Fig. 3.1 that it is made up of h independent modules, one per finger. In particular,
we can consider the LLC control related to the generic finger i, being such modules
structurally identical for all fingers.

Therefore, by recalling the Middle Level control law related to the hand subsys-
tem, we can first refer to Fig. 4.4, and to eq. (4.31), that expresses the cartesian
position/velocity references that have been processed by the MLC module; by re-
calling that such references have to be then realized by the underlying module, we
can think of an organization completely similar to the one developed for the arm
subsystem, but now taking into account the fact that we deal with purely linear
(hence not including information about the orientation of the involved parts).

This statement is given by the fact that, referring to the multi-finger control law
mentioned several times, in order to obtain the object manipulation with the only
hand it is necessary to control the only linear position/velocity of the fingertips, as
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Figure 4.9: The LLC module of the arm.

it is clear from (4.31), and the related equations (4.9), (4.3) (velocity references) and
(4.11) (position references).

Therefore, the LLC module accepts as input from the MLC module a position
reference x̂i,H given by (4.11), plus a feed-forward velocity reference ˙̂xi,H given by
(4.9), (4.3), and returns in output, as cartesian feedback for the MLC module, the
current cartesian position xi,H of the fingertip; in order to obtain the latter, the
LLC module makes use of the transformation matrix p

eiT (qi,H) which, given the
joint posture qi,H of the respective fingertip, allows to obtain the position of the
origin of an end-effector frame < ei >, solidal with the lask link of the finger (i.e.
the tip) and with origin on the contact point Pi.

The cartesian control implemented by these modules can be in fact considered a
subset of the complete position and orientation control that has been implemented
for the LLC module related to the arm; we can therefore state the same control laws
previously developed but restricted, in this case, to the only linear part of the above
mentioned quantities; in particular, the low-level kinematic control law for the hand
is represented by the following equation

q̇i,H , J#
L,Pi

(qi,H)[ ˙̂xi,H + γH,llc(x̂i,H − xi,H)]; i = 1, 2, ..., h (4.58)

being q̇i,H the reference joint velocities of the single finger, that will be assigned
to the underlying VLLC controller, γH,llc a suitable gain parameter (constant), and
JL,Pi the linear part of the related Jacobian matrix in Pi, of which we evaluate the
pseudoinverse (again, with possible regularization J∗L,Pi

, analogous to the arm case).
At this point we must immediately notice how, as also evident from the MLC

control law, all of the cartesian quantities of the finger LLC have to be considered
projected on frame < p >, related to the hand palm; that means, we have a control
law represented in the cartesian space of an observer which is solidal with the hand
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palm, and not incluing in any way the drift effects (rotational and translational) of
the mentioned < p > frame. This fact is coherent with the idea of control developed
in the Section related to the MLC algorithm of the integrated hand-arm system, for
which the two velocity contributions to the object < b > given by the kinematic
controllers of the arm and the hand are superimposed, and lead, separately and
simultaneously, to the accomplishment of the global positioning task.
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Figure 4.10: The LLC module for a single finger.

It is now possible to visualize the LLC control scheme for the single finger, given
in Fig. 4.10; in particular, we notice from the picture how, as it had been put into
evidence for the arm, the cartesian control law (4.58) can be obtained by evaluating
the cartesian quantities related to a frame < ei > solidal to the fingertip, but with
origin not necessarily coincident with the contact point Pi, that has been used in
order to define the position and velocity references; this is obtained, on one side,
through the translation of the origin < ei > into the contact point Pi by means
of a given transformation matrix T i, and, on the other side, by considering the
computation of the linear Jacobian in Pi from the complete Jacobian pJei(qH),

JL,Pi = SL,i Jei ; SL,i ,
[
I3 [rei,Pi∧]

]
(4.59)

being SL,i defined in a similar way to (4.26), here for the linear case.

4.3 The VLLC modules of the hand and related tendons
control

In this Section we will examine the algorithmic structure for the joint velocity control
of the robot hand, by considering first of all a linear model of a tendon-controlled sys-
tem, and afterwards obtaining the corresponding approach for the velocity control,
with compensation of the instantaneous variations of tension [6], [31], [7].
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In the present control approach, we must consider several problems concerning an
independent joint actuation for the single finger; in fact, as it will be made clear
in the Section, concerning the implementation of the control on the experimental
setup of the hand-arm system, it exists a non-negligible coupling between the tendon
tensions, when actuating the structure, and the consequent joint motion resulting
from such actuation.

Let us consider for example the figure (3.5) of Chapter 3, which exemplifies the
sliding system used for the DIST-Hand: we can notice the presence of a complex
routing system of the tendons onto the different pulleys of the finger, which imposes
non-negligible torques on the intermediate pulleys, necessarily present in order to
guide the tendon from the entry point in the finger to the last pulley, to which is
anchored. Moreover, from the motor side, providing the tension to the anchored
tendons, a similar routing system may be present.

Finger side Motors side

Motor 1

Motor 2

Figure 4.11: Example of a system actuated by tendons.

For sake of clarity, consider now the figure 4.11, exemplifying a simple tendon
actuation system, through which we will then introduce the reasoning for the most
general case, and afterwards apply the so obtained results to our experimental setup.
First of all, it will be necessary to examine the following relationships:

• The relationship that exists between tendon displacements, measured on a
common horizontal axis x, and the displacements of the joints q (given, in the
case shown in figure, by a single element), expressed in radians, around their
axes, being all of the above quantities referred to an initial zero position, to
be specified in advance;
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• The relationship between the same linear/angular displacements as seen from
the motors’ side, the latter denote with α;

• The relationship between the forces exerted by the tendons, and the respective
torques on the actuation pulleys (solidal with the respective link), both on the
finger and the motors’ side;

We notice first of all as we consider elastic tendons; that means, we assume that a
linear relationship exists between the tendon tension and the relative elongation with
respect to the rest condition; moreover, we assume that the tendons are inextensible
from both the finger and the motors’ side; therefore, once two arbitrary points
are specified on both sides of a tendon, with null tension, respectively given by
the vectors x0

f ,x
0
m, the elasticity will be given by a linear relationship between

the relative displacements of the two points, and it will be distributed along an
“intermediate” zone of the tendon, hence, by calling f the tendons tension, we will
assume the validity of the following relationship

f = kδx =k(δxf − δxm); f > 0 (4.60)

being xf and xm the position vectors of the chosen points on the tendons, respec-
tively on the finger and the motors’ side, and where the vector δxf , xf − x0

f

expressed the displacement from the initial position of the points (on the finger
side), and similarly for the motors’ side.

Finally, we will assume the fundamental hypothesis of working always in a condi-
tion of non-zero tension on all tendons, therefore the elongations of the “springs”
δx, that exemplify the system of Fig. 4.11, and the related tensions f , will always
be strictly positive. We also notice here, that the positions of the points x0

f ,x
0
m

have been chosen arbitrarily, but such that the tendons are assumed without ten-
sion (f = 0), in the initial condition; this assumption will be afterwards substituted
with another one, more general, of an initial pre-tensioning of the system, as it will
be made clear by the following descriptions.

Starting from the finger side, with the above mentioned hypotheses, the following
holds

δxf = Aδq (4.61)

where the constant matrix A, assumed to be full rank, contains the radii of the
pulleys (in our case, only one), with signs dependent on the routing of the respective
tendon (i.e. on one or the other side of the given pulley); such relationship expressed
therefore the translation along the x axis of the specified points on the tendons δxf ,
on the finger side, as a consequence of a variation of the finger posture δq (recalling
that the tendons are inexensible on both sides).

By repeating the same reasoning concerning the motors’ side, we can write a similar
relationship

δxm = Bδα (4.62)

being in this case δxm the displacement of the specified points of the tendons on the
motors’ side, δα the angular motor displacement, and B another full-rank matrix

DIST - Robotics and Automation Lab



4.Algorithmic control architecture for the integrated hand-arm system 73

that contains the radii of the motor pulleys, defined in a fully similar way to the
matrix A.

By considering now the relationship between the tendon tensions f and the joint
torques τf , τm, on the finger and motors’ side respectively, we can easily show, based
on the energy conservation principle, that the following hold:

τf = AT f ; τm = BT f ; (4.63)

where A and B are the same matrices above defined.
We can show that, if the number of tendons t is at least one unity higher than the

number of actuated joints n, due to the Charatheodory condition it exists a strict
subset of the null-space ker(AT ), that we denote by ker+(AT ), of tendon tensions
such that

f0 ∈ ker+(AT )⇐⇒
{
f0 ∈ ker(AT ); f0 > 0

}
(4.64)

therefore, from the first of (4.63), we conclude that there exist tendon tensions f0 > 0
such that no joint torques are generated, i.e. τf = 0.

At this point, it is clear that we can choose the initial positions of the tendon
points (or, equivalently, of the zero motor angles α, when the zero positions of the
joint angles q have already been fixed), such as to impose a non-null tension to the
tendons at rest, therefore relaxing the initial assumption. By denoting with f0 such
a pre-tensioning term, we can express the overall tension as

f = k(Aq−Bα) + f0;

AT f0 = 0; f0 > 0
(4.65)

where the term (Aq−Bα), obtained from the (4.61), (4.62), provides the additional
elongation of the tendons, consequent to the displacements of the motors and the
joints with respect to their zero position (q = 0, α = 0).

If we apply to the finger joints a vector c of external torques (assuming that we
can neglect the masses of finger links), at equilibrium the following relationship will
hold

τf = c (4.66)

ovvero, a causa delle (4.65), (4.63)

kAT (Aq−Bα) = c (4.67)

that implies

q = A+Bα+
1
k

(ATA)−1c (4.68)

being A+ the left pseudoinverse of the matrix A

A+ , (ATA)−1AT (4.69)
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(1/k)(ATA)-1

+
+α q

c

Figure 4.12: Schematics of the motors-joints system.

The expression (4.67) can be commented as follows: we can consider the vector α
as a system input, while c can be considered a “disturbance”, as it follows from the
scheme in Fig. 4.12.

Now, we can ask first of all how can we control such a system, starting from consid-
erations concerning the position control of the finger joints, and afterwards consider
the velocity control as a natural consequence of the subsequent developments. As-
sume then to have a vector q of reference joint positions, to be realized through a
suitable motor position signal α; if we assume to have zero (or at least negligible)
external torques c, this control can be realized in open loop, be obtaining α as one
of the solutions to the equation

q = A+Bα (4.70)

or, equivalently,
(ATA)q = ATBα⇐⇒ AT (Aq−Bα) = 0 (4.71)

Therefore, in order to impose the previous condition, we can proceed in two distinct
ways:

1. By considering equation (4.71), as it is written on its left-hand side, we can
think of obtaining a vector α with minimum norm, by taking the preudoinverse
of the matrix ATB; in this way, we have

α = (ATB)#(ATA)q (4.72)

that means,
α = BTA(ATBBTA)−1(ATA)q (4.73)

Such a solution, in general, leads however to an additional tendons elongation
given by the quantity (Aq−Bα), that here amounts to

δx = [I −BBTA(ATBBTA)−1AT ]Aq 6= 0 (4.74)
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In fact, this “unnecessary” elongation δx, and the consequent additional ten-
sion kδx, does not generate any joint motion, since δx ∈ ker(AT ); indeed:

AT δx = AT (Aq−Bα) = 0 (4.75)

2. Instead of proceeding as before, we can reconsider the relationship (4.71), as
it is written on its right-hand side, thus obtaining another solution, not with
minimum norm, but such as to avoid any additional elongation. Such a solution
can be obtained by simply zeroing the second factor in (4.71), written on the
right-hand side,

α = B+Aq = (BTB)−1BTAq (4.76)

At this point, we notice how the assumption of the latter case, i.e. Aq = Bα,
furtherly implies a relationship between the velocities given by

Aq̇ = Bα̇ (4.77)

and, therefore, if we desire to impose a predefined velocity to the joints
.
q, we can

proceed by imposing to the motors a corresponding angular velocity given by

α̇m = B+Aq̇ (4.78)

that constitutes the starting point for building the desired VLLC module, being α̇m

the velocity term necessary to impose the desired movement to the finger.
The control law (4.78), to be intended as ideal reference for the motor velocity,

however, it is not per se sufficient for guaranteeing the velocity control of the finger,
because of different possible reasons.

First of all, imposing a velocity reference requires the presence of a control loop for
the single motor, with sufficiently good performance in terms of precision, rapidity of
following the input signal, and immunity to disturbances; this requires the synthesis
of a suitable regulator, as we will also see in the following, but we can already state
that, in presence of an error while following the motor velocities, some elongation
or relaxation effects on the tendons, at least transient, will be induced.

This fact leads to the presence of “spurious tems” of tensioning or relaxation of
the tendons, which have to be in any case avoided; wherever we assume to have a
positive additional tension, belonging to the already mentioned subspace ker+(AT )
(and therefore such as not to generate joint torques) no relevant problems will be
present, since the additional tension is by itself a transient term, that will be relaxed
during the motion of the structure (of course, we always assume not to reach the
saturation of the tendon elongation, since in that case we will loose the linear elastic
model, that allowed to perform the control in the so far described way).

Instead the case of relaxed tendons, up to a null tension, is a definitely more critical
problem, since not only it invalidates the adopted linear model, but it makes loose
control on the tendon itself, which can even slide out of its support guide.

Possible causes for these phenomena of tensioning or relaxation of tendons are
manifold: for example, the presence of an obstacle on the finger, that means of a
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non-negligible external torque c; or, as already mentioned, the slow following of the
reference velocity signal by the motors; or even friction phenomena (both static and
dynamic ones) concerning the sliding of tendons inside their guides, as well as on
the pulleys of the whole structure.

In order to cope, in particular, with the tendon relaxation cases, it is therefore
necessary to the define an additional control law for the tendon, such as to avoid
perturbing, at least in principle, the system actuation. This leads to define a further
tensioning term, and therefore a positive elongation, denoted with

fp , kδxp; δxp ∈ ker+(AT ) (4.79)

At this point, it is necessary to observe that the elongation term δxp in (4.79) must
be obtained through a motor actuation, and therefore it must necessarily belong to
the space of displacements or, which is the same, of velocities that can be attained by
means of the actuation structure; we furthermore notice, for sake of clarity, that the
overall elongation δxp results in an additional linear displacement of the points on
the tendon, from the motors side only, that can be indicated by δxm,p, since it does
not have to impose any additional joint movement, and therefore to the tendons on
the finger side (δxf,p ≡ 0). But, from (4.62) we also conclude that any vector δxm of
linear displacements on the motors’ side, that we wish to obtain through rotations
(or angular velocities) of the motors δα, must also belong to the image span(B) of
the B matrix previously defined.

The two above mentioned requirements can be resumed as follows: it must exist
an additional elongation δxm,p of the tendons, obtained as only displacement of the
points on the motors’ side, such that

δxm,p ∈ ker(AT ); δxm,p ∈ Span(B); δxm,p > 0 (4.80)

that means, the elongation vector must belong to the intersection, obiously assumed
to be non-empty, of the two spaces in (4.80), and it must have strictly positive com-
ponents. Therefore, if we define with Υ+ ,

{
ker+(AT ) _ Span(B)

}
the intersection

of the two sets, the condition (4.80) is equivalent to the following one

δxm,p ∈ Υ+ ⊂ <t (4.81)

under the assumption Υ+ 6= ∅.
At this point, assume to have found a suitable vector δxp satisfying (4.81); it is clear

that we can obtain an arbitrarily large positive elongation, by simply multiplying δxp

for any scalar value kp > 0 (by using for sake of simplicity a monodimensional elon-
gation space, although in general dim(Υ+) ≥ 1); moreover, since δxp ∈ Span(B),
the equation

Bδα = kpδxp (4.82)

has for sure a solution, that can be obtained as

δαp = kp(B+δxp) (4.83)
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Motors-Tendons-Finger

System

Figure 4.13: VLLC control system for a single finger.

and this is a vector of motor displacements that allows to give the desired, positive
elongation.

The reasoning done so far can be easily extended to the case of velocity control,
by imposing a pre-tensioning velocity to the motors of the same form, α̇p.

In order to proceed with the tendons control, an idea is therefore the following:

• we first of all evaluate the relative elongation vector of single tendons, with
respect to their initial condition (where the tendons already have a non-zero
tension), given by the formula δx = (Aq−Bα);

• we compute the elongation of the less “tense” tendon, given by δx = mini(δxi);

• if δx > 0, we do not add any pre-tensioning; otherwise, we add to the velocity
reference α̇m a term given by

α̇p , kp(B+δxp)

being kp in turn a variable term, given by

kp = λ |δx|

where, finally, λ > 0 is a suitable gain value.

At this point, the complete VLLC control scheme can be represented as in Fig.
4.13, where we can notice the sum of the two complimentary terms of velocity
reference for the motors, that provides the overall reference given by

α̇ = α̇m + α̇p (4.84)
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Such reference will be sent to the closed-loop velocity control system for the motors,
equipped with a suitable PID regulator.
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Chapter 5

Simulations and experimental
results

We will now show first of all some experimental results on the only hand subsystem,
for which we will give a preliminary description; afterwards, we will show results of
a simulation, concerning a manipulation task with the complete hand-arm system
model, made up of an industrial manipulator PUMA260, and the DIST-Hand, with
which the experimental results of the hand subsystem have been obtained.

5.1 Experimental results on the DIST-Hand setup

Before obtaining tasks for the hand subsystem, some control schemes have been
implementes, and a long simulative phase has been performed, where also some
design errors have been fixed.

The following experimental results are referred to the only hand subsystem, which
is the most complex part of the system.

In order to obtain an almost ideal VLLC, a motor velocity regulator has been
designed, such as to obtain very good performances, both static and dynamic, thus
allowing an almost perfect tracking of the reference signal; at the same time, the
tendon control devised in Chapter 4 (VLLC Section) hase been realized and cali-
brated.

The performed experiments concerned the position/orientation control of a light
and easily “graspable” object. The position references have been given as signals,
evolving as a ramp, always expressed with respect to the reference < p >.

Concerning the position references, from Figures 5.2, 5.3 it is evident that, during
the rising (falling) phase of the ramp, we have a small error that keeps constant,
but is zeroed at the end of the ramp, that is, when the reference becomes constant
(this is due to the missing application of the feed-forward velocity signal q̇a, that has
been omitted, as in the previous Chapter, for sake of simplicity, and also in order
to show the effectiveness of the control scheme also in computationally simplified
situations).
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Afterwards, concerning the orientation references, in Figures 5.4, 5.5 we can ob-
serve the 3 components of the orientation error ρb/p of the object, compared with
the reference vector ρa/p, and the related errors (we can also notice that, since the
orientation references are given by R-P-Y angles, the resulting orientation vector
shows an apparently less clear behaviour; this is a consequence of changing repre-
sentation). Also in this case, as we can see, the ramp behaviour produces small
errors, which are zeroed at the end of the ramp, for the above mentioned reasons.

Moreover, we kept into account the dynamic interaction between fingers and ob-
ject, by adopting the algorithmic structure of the previous Chapter, in particular
concerning the distance control between fingertips. As we can verify from Figures
5.6, 4.5, apart from a short initial transient, the three distances stabilize and keep
constant, thus ensuring that the grasp control has been done accurately.

We can nevertheless verify the quality of the experimental results on the DIST-
Hand from a video sequence, from which we selected some frames, shown in Fig.
5.1.

5.2 Simulations on the complete hand-arm system

The complete hand-arm system model that has been considered for performing co-
ordinated manipulation tasks, as described in the previous Chapters, corresponds
in fact to the system given in Fig. 3.7; for this system, provided a complete set
of structural data, we built a simulator with graphical visualization based on the
OpenGL library.

We can first of all describe the simulated task, that can be seen in Fig. 5.8,
corresponding to the following Middle-Level (MLC) commands:

• Starting from a given pose, the hand-harm system is first controlled by splitting
the two Cartesian positioning tasks; that means, in the approach phase to the
target, i.e. the object in a previously measured position, we control the arm
in such a way that the palm frame < p > reaches an optimal position for
grasping, while at the same time keeping the hand in an “open” posture;

• Subsequently, while keeping the reached arm posture, the hand is closed, by
controlling in Cartesian space the individual fingertips, bringing them to the
desired contact points;

• Once that the object graps is obtained, the controller commutes to the coordi-
nated task of hand-arm manipulation, as it has been represented and described
in the previous Chapters; by suitable modulating the middle-level gains, re-
lated to the hand and arm parts (i.e. the two scalars γH , γA), we can therefore
see as it is possible to obtain the desired task of cartesian motion of the object,
by means of the simultaneous motion of the two interplaying parts, at the same
time avoiding loosing the object, that is kept by the hand subsystem through
the constant distances task. We notice how the selected frames in Fig. 5.8
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underline the joint role of the hand and the arm, when we ask the system to
perform the exemplified task of vertical motion and subsequent rotation “on
air” of the grasped object.

• Afterwards, we ask the system to position the object onto a “virtual” support,
given by the blue-colored block in the animation; this task is, once again,
performed jointly by the two parts, that brings the object to the goal position,
onto the box;

• Finally, in order to release the object and return to the rest position, the task
is again split between arm and hand, so that the fingers are free to move,
release the grasp, and then bring the arm and hand in the initial position.

In Fig. 5.9 we show the result of following position and orientation references,
during one phase of coordinated manipulation (object movements “on air”). More-
over, in Fig. 5.10 we can see how the joint velocity references given to the arm and
the fingers are simultanously present, in order to perform the desired coordinated
control task.

5.3 Conclusions

Among the goals of the so far presented work, we already mentioned, as an essential
component of the whole development, the need of obtaining a result which is coherent
with the preliminary considerations given in the Introduction; that means, we put
into evidence and satisfy the need of having an integrated robot system, where the
integration is given both at the functional and the algorithmic level, and, in the
particular case dealt with, it concerned an anthropomorphic manipulation system,
made up of a multi-finger robot hand, and an articulated arm.

However, we notice how the proposed functional and algorithmic architecture is
fully general, and can be applied to several complex systems, of which nowadays
many examples exist. In the special edition of the Journal [54], already mentioned
in the Introduction, we can see how, in recent research works in the field, already
many efforts have been made in order to achieve the following goals:

• A more or less complete formalization of several control architectures for com-
plex systems;

• The adoption of software modules, “connected” one another by tools/editors
(graphical or not);

• The structuring of the above mentioned modules into multi-level hierarchical
functional architectures, where each level corresponds to a “layer” of abstrac-
tion, aiming to solve the global control problem;

For each case, a flexible and efficient framework has been developed, for the or-
ganizazion and integration of the main software components. However, in many
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cases only a few demonstrations and formal proofs have been done, concerning the
correctness of the resulting global controller.

The work developed in the framework of the present Thesis, where we tried to
obtain, as a further main goal, some clarity about the validity of the algorithms
and mathematical formalisms at all control levels, puts therefore the basis for fu-
ture developments concerning manipulation and grasping for the hand-arm systems
already available, and the possible integration of further components, always acting
in a coordinated way.

Referring to the particular case of the considered hand-arm system, it is also
important to notice how, based on the results so far obtained, it will be possible to
obtain in an next future more and more accurate and, at the same time, natural,
tasks, in the context of humanoid robotic structures, that nowadays are subject of
a large amount of study and experiments.

Moreover, future developments on the present system will lead to implement con-
trol schemes suitable for performing higher level tasks, such as: identifying the opti-
mal grasp for a given object, visual servoing tasks (using computer vision method-
ologies for object localization), and an “intelligent” scheduling of a complete manip-
ulation sequence, such as the one previously described.

Concerning the present hand-arm system, for the next future it has been also
planned the introduction of several kinds of sensors ([7], [6]): for example, “extrinsic”
tactile sensors, based on conductive rubber, provide the possibility of evaluating the
exact position of the contact point on the fingertip, and “intrinsic” force sensors, able
to compute the 3 components of the instantaneous force applied to the fingertip. By
applying these sensors to each fingertip, we can obtain an integrated sensory system
with which the force control systems for stable grasping and manipulation of objects
can be developed, as we already indicated in the present work, where we proposed
a possible implementation that resulted in satisfactory simulated results.
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Figure 5.1: Snapshots of an object manipulation task.
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Figure 5.2: Tracking the position references.
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Figure 5.3: Position error.
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Figure 5.4: Tracking the orientation references.
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Figure 5.5: Orientation error.
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Figure 5.6: Keeping a constant distance between fingers.
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Figure 5.7: Distance errors between fingers.
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Figure 5.8: Graphical simulation of the complete, coordinated manipulation task.

Figure 5.9: Position and orientation errors for the object.
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Figure 5.10: Joint velocities of the arm and hand, during the coordinated task.
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